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We analyze the degree to which parity-violating (PV) electroexcita-

tion of the ∆(1232) resonance may be used to extract the weak neutral

axial vector transition form factors. We find that the axial vector elec-

troweak radiative corrections are large and theoretically uncertain, thereby

modifying the nominal interpretation of the PV asymmetry in terms of the

weak neutral form factors. We also show that, in contrast to the situation

for elastic electron scattering, the axial N → ∆ PV asymmetry does not

vanish at the photon point as a consequence of a new term entering the ra-

diative corrections. We argue that an experimental determination of these

radiative corrections would be of interest for hadron structure theory, pos-

sibly shedding light on the violation of Hara’s theorem in weak, radiative

hyperon decays.
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I. INTRODUCTION

The electroweak form factors associated with the excitation of the ∆(1232) resonance

are of considerable interest to hadron structure physicists. In the large Nc limit, the (N, ∆)

form a degenerate multiplet under spin-flavor SU(4) symmetry [1], and one expects the

structure of the lowest-lying spin-1/2 and spin-3/2 qqq states to be closely related. The

electroweak transition form factors may provide important insights into this relationship

and shed light on QCD-inspired models of the lowest lying baryons. These form factors

describe N → ∆ matrix elements of the vector and axial vector currents [2–4]:

< ∆+(p′)|V 3
µ |N >= ∆̄+ν(p′){[

CV
3

M
γλ +

CV
4

M2
p′λ +

CV
5

M2
pλ](qλgµν − qνgλµ) + CV

6 gµν}γ5u(p)

(1)

< ∆+(p′)|A3
µ|N >= ∆̄+ν(p′){[

CA
3

M
γλ +

CA
4

M2
p′λ](qλgµν − qνgλµ) + CA

5 gµν +
CA

6

M2
qµqν}u(p)

(2)

where the baryon spinors are defined in the usual way. The form factors CV
3 and CA

5 are

the N → ∆ analogues of the nucleon’s electroweak form factors F1 and GA. At present,

there exist considerable data on the vector current transition form factors CV
i (i = 3− 6)

obtained with electromagnetic probes. A comparison with theoretical predictions points

to significant disagreement (see Ref. [5] for a tabulation of theoretical predictions). For

example, lattice QCD calculations of the magnetic transition form factor yield a value

∼ 30% smaller than obtained from experiment [6], and constituent quark models based

on spin-flavor SU(6) symmetry similarly underpredict the data [7]. One hopes that ad-

ditional input, in tandem with theoretical progress, will help identify the origin of these

discrepancies.

The situation involving the axial vector transition form factors CA
i (i = 3 − 6) is

less clear than in the vector case, since existing data – obtained from charged current
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experiments – have considerably larger uncertainties than for the vector current channel.

While QCD-inspired models tend to underpredict the central value for the axial matrix

elements by ∼ 30% as they do for the vector form factors, additional and more precise

experimental information is needed in order to make the test of theory significant. To

that end, an extraction of the axial vector N → ∆ matrix element using parity-violating

electron scattering (PVES) is planned at the Jefferson Laboratory [8]. The goal of this

measurement is to perform a <∼ 25% determination for |q2| in the range of 0.1 − 0.6

(GeV/c)2. If successful, this experiment would considerably sharpen the present state of

experimental knowledge of the axial vector transition amplitude.

In this paper, we examine the interpretation of the prospective measurement. In a

previous work [5], the impact of non-resonant backgrounds was studied and found not

to present a serious impediment to the extraction of the CA
i . Here, we compute the

electroweak radiative corrections, which arise from O(αGF ) contributions to the PV axial

transition amplitude. We correspondingly characterize the relative importance of the

corrections by discussing the ratio R∆
A

of the higher-order to tree-level amplitudes. This

ratio is nominally O(α), so that one might naively justify neglecting radiative corrections

when interpreting a 25% determination of the axial term. However, previous work on

the axial vector radiative corrections Rp
A

to PV elastic electron-proton scattering suggests

that the relative importance of such corrections can be both unexpectedly large and

theoretically uncertain [9–11]. Moreover, results obtained by the SAMPLE collaboration

[12] suggest that Rp
A

may be substantially larger than given by the best theoretical estimate

[9]. The origin of this apparent enhancement is presently not understood. Were similar

uncertainties to occur for PV electroexcitation of the ∆, the task of extracting the desired

axial transition form factors from the PV asymmetry would become considerably more

complicated than assumed in the original incarnation of the experimental proposal.

In studying the axial vector radiative corrections, it is important to distinguish two
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classes of contributions. The first involves electroweak radiative corrections to the ele-

mentary V (e) × A(q) amplitudes, where q is any one of the quarks in the hadron and

V (A) denotes a vector (axial vector) current. These terms, referred to henceforth as

“one-quark” radiative corrections, are calculable in the Standard Model. For elastic scat-

tering from the proton, they contain little theoretical uncertainty apart from the gentle

variation with Higgs mass, long-distance QCD effects involving light-quark loops in the

Z − γ mixing tensor, and SU(3)-breaking effects in octet axial vector matrix elements

〈p|A(3,8)
λ |p〉. Such one-quark contributions to Rp

A
and R∆

A
can be large, due to the absence

in loop terms of the small (1 − 4sin2 θW ) factor appearing in the tree level V (e) coupling

and the presence of large logarithms of the type ln(mq/MZ).

The second class of radiative corrections, which we refer to as “many-quark” cor-

rections, involve weak interactions among quarks in the hadron. In Refs. [9–11], the

many-quark corrections were shown to generate considerable theoretical uncertainty in

the PV, axial vector ep amplitude. A particularly important subset of these effects are

associated with the nucleon anapole moment (AM), which constitutes the leading-order,

PV γNN coupling. The result of the SAMPLE measurements, which combine PV elastic

ep and quasielastic ed scattering to isolate the isovector, axial vector ep amplitude, implies

that the one-quark/Standard Model plus many-quark/anapole contributions significantly

underpredict the observed value of Rp
A
.

In what follows, we compute the analogous radiative corrections R∆
A

for the axial

N → ∆ electroexcitation amplitude. In principle, as in the elastic case, the one-quark

corrections are determined completely by the Standard Model, although long-distance

QCD effects – which are finessed for the ep channel using SU(3) symmetry plus nucleon

and hyperon β-decay data – are not controlled in the same manner for the N → ∆

transition. We make no attempt to estimate the size of such effects here. Instead, we

focus on the many-quark contributions which, as in the elastic case, can be systematically
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organized using chiral perturbation theory (χPT). We compute these corrections through

O(p3). We find:

(i) As in the case of Rp
A
, the correction R∆

A
is both substantial and theoretically uncer-

tain. Thus, a proper interpretation of the PVES N → ∆ measurement must take

into account O(αGF ) effects.

(ii) In contrast to the elastic PV asymmetry, the N → ∆ asymmetry does not vanish at

q2 = 0. This result follows from the presence of an O(αGF ) contribution – having no

analog in the elastic channel – generated by a new PV γN∆ electric dipole coupling

d∆. Specifically, we show below that

ALR(q2 = 0) ≈ −
2d∆

CV
3

MN

Λχ
+ · · · (3)

where ALR(q2) is the PV asymmetry on the ∆ resonance, Λχ = 4πFπ ∼ 1 GeV

is the scale of chiral symmetry breaking, CV
3 ∼ 2 is the dominant N → ∆ vector

transition form factor, d∆ is a low-energy constant whose scale is set by hadronic

weak interactions, and the + · · · denote non-resonant, higher order chiral, and 1/MN

corrections.

(iii) The experimental observation of surprisingly large SU(3)-violating contributions

to hyperon radiative decays suggests that the effect of d∆ could be significantly

enhanced over its “natural” scale, yielding an N → ∆ asymmetry ∼ 10−6 or larger

at the photon point∗.

∗For a PV photoproduction asymmetry of this magnitude, a measurement using polarized

photons at Jefferson Lab would be an interesting – and potentially feasible [13] – possibility. An

analysis of the real γ asymmetry appears in a separate communication [14].
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(iv) The presence of the PV d∆ coupling implies that the q2-dependence of the ax-

ial vector transition amplitude entering PV electroexcitation of the ∆ could differ

significantly from the q2-dependence of the corresponding amplitude probed with

neutral current neutrino excitation of the ∆. As we demonstrate below, it may

be possible to separate the d∆ contribution from other effects by exploiting the

unique q2-dependence associated with this new term. We illustrate this possibility

by considering a low-|q2|, forward angle asymmetry measurement.

(v) An experimental separation of the d∆ contribution from the remaining terms in

the axial vector response would be of interest from at least two standpoints. First,

it would provide a unique window – in the ∆S = 0 sector – on the dynamics

underlying the poorly understood PV ∆S = 1 radiative and nonleptonic decays.

Second, it would help to remove a significant source of theoretical uncertainty in

the interpretation of the N → ∆ asymmetry, thereby allowing one to extract the

N → ∆ axial vector form factors with less ambiguity.

(vi) A comparison of PV electroexcitation of the ∆ with more precise, prospective neu-

trino excitation measurements would be particularly interesting, as inelastic neu-

trino scattering is insensitive to the large γ-exchange effects arising at O(αGF )

which contribute to PV electron scattering [10,11].

While the remainder of the paper is devoted to a detailed discussion of these points,

several aspects deserve further comment here. First, the origin of the nonvanishing

ALR(q2 = 0) in Eq. (3) is readily understood in terms of Siegert’s theorem [15,16], familiar

in nonrelativistic nuclear physics. For electron scattering processes such as shown in Fig.

1, the leading PV γ-hadron coupling (Fig. 1d) corresponds to matrix elements of the

transverse electric multipole operator T̂ E

J=1λ, and according to Siegert’s Theorem, matrix
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elements of this operator can be written in the form †

〈f |T̂ E

J=1λ|i〉 = −
√

2

3
ω〈f |

∫

d3x xY1λ(Ω)ρ̂(x)|i〉 + O(q2) , (4)

where the ω = Ef − Ei. The leading component in Eq. (4) is q2-independent and

proportional to ω times the electric dipole matrix element. Up to overall numerical

factors, this E1 matrix element is simply d∆/Λχ. It does not contribute to PV elastic

electron scattering, for which ω = 0. The remaining terms of O(q2) and higher contain

matrix elements of the anapole operator [17,11], which generally do not vanish for either

elastic or inelastic scattering. When 〈f |T̂ E

J=1λ|i〉 is inserted into the full electron scattering

amplitude, the 1/q2 from the photon propagator cancels the leading q2 from the anapole

term, yielding a q2-independent contact interaction. In contrast, for inelastic processes

such as electroexcitation of the ∆, ω = m∆ −mN does not vanish, and the dipole matrix

element in Eq. (4) generates a contribution to the PV scattering amplitude MPV behaving

as 1/q2 for low-|q2|. Since the parity-conserving (PC) amplitude MPC – whose interference

with MPV gives rise to ALR – also goes as 1/q2, the inelastic asymmetry does not vanish

at the photon point. Henceforth, we refer to the dipole contribution to the asymmetry

as A
Siegert
LR , and the corresponding O(α) correction to the O(GF ) Z0-exchange, axial

vector neutral current amplitude as R
Siegert
A . We note that the importance of A

Siegert
LR

– relative to the anapole and Z0-exchange contributions to the asymmetry – increases as

one approaches the photon point, since the latter vanish for q2 = 0.

It is straightforward to recast the foregoing discussion in a covariant framework using

effective chiral Lagrangians. The dipole term in Eq. (4) corresponds to the operator [9,18]

LSiegert = i
ed∆

Λχ
∆̄+

µ γλpF
µλ + H.c. (5)

while the transition anapole contribution arises from the effective interaction

†We adopt the “extended” version of Siegert’s theorem derived in Ref. [16].
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Lanapole =
ea∆

Λ2
χ

∆̄+
µ p∂λF

λµ + H.c. . (6)

The form of the operators in Eqs. (5,6) points to an interesting theoretical feature of

R∆
A

not present in the ep case. In the large Nc limit, the nucleon and ∆ become degenerate

[1], while in the heavy baryon limit, matrix elements of LSiegert are proportional to δ/Λχ,

where δ = M∆ − MN . Thus, we obtain the following theorem regarding A
Siegert
LR : For

any q2, one has

A
Siegert
LR (q2) = 0 (7)

when Nc → ∞, MN → ∞. As a corollary, it follows that

ALR(q2 = 0) ∼ O(1/MN) (8)

in the large Nc limit. Naively, corrections to Eqs. (7,8) should scale as 1/Nc for finite

Nc and infinite MN . This 1/Nc scaling is obscured in Eq. (3), due to subtleties involved

in taking various limits (see Section 2), but does become apparent when considering the

ratio of A
Siegert
LR to other O(αGF ) contributions. In particular, one would expect the

ratio of the Siegert and anapole contributions to scale as

A
Siegert
LR /A

anapole
LR =

d∆

a∆

Λχδ

q2
∼

d∆

a∆

1

Nc

Λ2
χ

q2
. (9)

To the extent that d∆ ∼ a∆, one would expect A
Siegert
LR

>∼A
anapole
LR for |q2|<∼ Λ2

χ/3 ∼ 0.3

(GeV/c)2 – roughly the region which will be accessed in the Jefferson Lab measurement.

In principle, then, one may be able to kinematically separate A
Siegert
LR from the other

O(αGF ) contributions to the axial vector amplitude and test the prediction that the

effect of LSiegert scales as 1/Nc.

The large-Nc heavy baryon version of Siegert’s theorem noted above suggests that a

study of R∆
A

may provide insight into another problem involving radiative transitions of

baryons. It is well known that the “G-parity” associated with the U-spin subalgebra of
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SU(3) requires the vanishing of electric dipole transitions for the decay Σ+ → pγ and

Ξ− → Σ−γ. As a consequence, the asymmetry parameter associated with this transition

must vanish in the SU(3) limit – a result known as Hara’s theorem [19]. One would then

expect the size of the measured asymmetry to be governed by the scale of SU(3)-breaking:

(ms −mu)/Λχ ∼ 15%. Experimentally, however, one finds an asymmetry αΣ+p five times

larger than this scale, presenting a puzzle for the phenomenology of hadronic weak in-

teractions. The authors of Ref. [20,21] proposed a solution to this dilemma by showing

that contributions from 1
2

−
resonances could significantly enhance the electric dipole am-

plitude, yielding a prediction for asymmetry parameter closer to the experimental value.

In what follows, we argue that a similar mechanism could also lead to an enhancement

of the 1/Nc-suppressed electric dipole γp → ∆+ amplitude characterized by d∆. Thus,

if intermediate, negative parity baryon resonances play an important role in PV non-

leptonic and radiative transitions, a sufficiently precise separation of A
Siegert
LR from the

other contributions to the asymmetry could provide an independent confirmation. More

generally, a determination of d∆ also help determine the extent to which the hadronic

weak interaction respects the approximate symmetries associated with QCD.

Finally, we observe that the resonant amplitude for PV pion electroproduction re-

ceives an additional contribution not associated with the N → ∆ transition form factor.

As shown in Fig. 1e, this contribution arises from the parity-conserving (PC) electromag-

netic M1 excitation vertex and the PV ∆ → Nπ decay amplitude. Angular momentum

considerations imply that the latter is d-wave and, thus, O(p2). The M1 excitation am-

plitude is similarly O(p2). Hence, the amplitude in Fig. 1e contributes at the same chiral

order as do the O(p3) terms in the PV electroexcitation vertex Fig. 1d. The presence

of Fig. 1e introduces a dependence on a new low-energy constant (LEC) associated with

the PV N∆π vertex not considered previously. To our knowledge, this new LEC fN∆π

is not currently constrained by any experimental data, nor have there been any model
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calculations to indicate its magnitude. Using both naive dimensional analysis (NDA) as

well as a baryon resonance model, we argue that theoretical predictions for fN∆π may vary

by a factor of ten, and we assign a rather sizeable theoretical uncertainty to this constant.

The impact of the PV d-wave on ALR is, nevertheless, considerably smaller than that of

A
Siegert
LR .

Our discussion of these points is organized in the remainder of the paper as follows.

In Section 2, we present the general features of neutral current electroexcitation of the

∆, including a more detailed discussion of various classes of radiative corrections and the

implications of Siegert’s theorem. In Section 3, we review our conventions for the parity-

conserving (PC) and PV chiral Lagrangians involving the N , ∆, π,and γ fields. Section

4 gives the non-analytic, chiral loop contributions to a∆ and d∆, and in Section 5, we

compute the PV d-wave contributions to ALR. In Section 6, we perform model estimates

of the analytic parts of a∆, d∆ and the PV d-wave couplings fN∆π using vector meson

dominance for a∆ and 1
2

−
, 3

2

−
pole amplitudes for the latter two. Section 7 contains our

numerical analysis of the O(αGF ) contributions, including their kinematic dependences,

and we summarize our conclusions in Section 8. A reader interested in the general features

and implications of our results may wish to skip the technical details contained in Sections

3-5, focusing instead on Sections 2 and 6-8.

II. ELECTROEXCITATION: GENERAL FEATURES

The amplitudes relevant to PV electroexcitation of the ∆ are shown in Fig. 1. The

asymmetry arises from the interference of the PC amplitude of Fig. 1a with the PV

amplitudes of Figs. 1b-e. In Fig. 1b-d, the shaded circle denotes an axial gauge boson

(V)-fermion (f) coupling, while the remaining V-f couplings are vector-like. In Fig. 1e,

the shaded circle indicates the PV N∆π d-wave vertex. All remaining N∆π vertices in

Fig. 1 involve strong, PC couplings. In general, the interaction vertices of Fig. 1 contain
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loop effects as well as tree-level contributions. The loops relevant to the PV interactions

(up to the chiral order of our analysis) are shown in Figs. 2-5.

The formalism for treating the contributions to ALR from Figs. 1a-c is discussed in

detail in Ref. [5]. Here, we review only those elements most germane to the discussion of

electroweak radiative corrections. We also discuss general features of the new contribu-

tions from Figs. 1d,e not previously analyzed.

Kinematics

We define the appropriate kinematic variables for the reaction

e− (k) + N (p) → e−′(k′) + ∆ (p∆) → e−′ (k′) + N ′ (p′) + π (pπ) , (10)

In the laboratory frame one has

s = (k + p)2 , q = p∆ − p = k − k′, p∆ = p′ + pπ, (11)

where p = 0, and

s = k2 + 2k · p + p2 = m2 + 2Mε + M2, (12)

ε being the incoming electron energy, m and M = mN being the electron and nucleon

masses, respectively. One may relate the square of the four momentum transfer

Q2 = |,q|2 − q2
0 (13)

to s and the electron scattering angle θ as

sin2 θ/2 =
M2Q2

(s − M2) (s − M2
∆ − Q2)

. (14)

The energy available in the nucleon-gauge boson (γ or Z0) center of mass (CM) frame is

W ≡
√

p2
∆ and the energy of the gauge boson in the CM frame is

q0 =
W 2 − Q2 − M2

2W
. (15)
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PV asymmetry

As shown in Ref. [5], one may distinguish three separate dynamical contributions to

the PV asymmetry. Denoting these terms by ∆π(i) (i = 1, . . . , 3), one has

ALR =
N+ − N−

N+ + N−

=
−Gµ√

2

Q2

4πα

[

∆π(1) + ∆π(2) + ∆π(3)
]

, (16)

where N+ (N−) is the number of detected, scattered electrons for an incident beam of

positive (negative) helicity electrons, α is the electromagnetic fine structure constant,

and Gµ is the Fermi constant measured in µ-decay. The ∆π(1,2) contain the vector current

response of the target, arising from the interference of the amplitudes in Figs. 1a,b, while

the term ∆π(3)contains the axial vector response function, generated by the interference of

Figs. 1a and 1c-e.

The leading term, ∆π(1), is nominally independent of the hadronic structure – due to

cancellations between the numerator and denominator of the asymmetry – whereas ∆π(2,3)

are sensitive to details of the hadronic transition amplitudes. Specifically, one has

∆π(1) = ge
AξT=1

V , (17)

which includes the entire resonant hadronic vector current contribution to the asymmetry.

Here, ge
A is the axial vector electron coupling to the Z0 and ξT=1

V is the isovector hadron-Z0

vector current coupling [22,23]:

ge
AξT=1

V = −2(C1u − C1d) (18)

where the C1q are the standard A(e) × V (q) couplings in the effective four fermion low-

energy Lagrangian [24]. At tree level, ge
AξT=1

V = 2(1 − 2sin2 θW ) ≈ 1. Vector current

conservation and the approximate isospin symmetry of the light baryon spectrum protects

∆π(1) from receiving large and theoretically uncertain QCD corrections. In principle, then,

isolation of ∆π(1) could provide a test of fundamental electroweak couplings. As shown in

Ref. [5], however, theoretical uncertainties associated with the non-resonant background
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contribution ∆π(2) and axial vector contribution ∆π(3) would likely render such a program

unfeasible.

The interest for the Jefferson Lab measurement [8] lies in the form factor content of

the axial vector contribution ∆π(3). For our purposes, it is useful to distinguish between

the various contributions to this response according to the amplitudes of Fig. 1. From

the interference of Figs. 1a and 1c we obtain the axial vector neutral current response:

∆π(3)(NC) ≈ ge
V ξT=1

A F (Q2, s) , (19)

where

ge
V ξT=1

A = −2(C2u − C2d) (20)

in the absence of target-dependent, QCD contributions to the one-quark electroweak

radiative corrections. The C2q are the V (e) × A(q) analogues of the C1q [24], while the

function F (Q2, s) gives the dependence of ∆π(3)(NC) on the axial couplings CA
i . Following

Ref. [5] we obtain

F (Q2, s) =
CA

5

CV
3

[

1 +
M2

∆ − Q2 − M2

2M2

CA
4

CA
5

+
q0 + W − M

2M

CA
3

CA
5

]

P
(

Q2, s
)

, (21)

where

P
(

Q2, s
)

=
MM∆ ((s − M2) + (s − M2

∆) − Q2)
1
2

(

Q2 + (M∆ + M)2
) (

Q2 + (M∆ − M)2
)

+ (s − M2) (s − M2
∆) − Q2s

.

(22)

In arriving at Eqs. (19-22) we have included only resonant contributions from the ∆.

Non-resonant background effects have been analyzed in Refs. [5,25]. Note that F (Q2, s)

is a frame-dependent quantity, depending as it does on q0. However, for simplicity of

notation, we have suppressed the q0-dependence in the list of the arguments.

The interference of Figs. 1a and 1d generates the transition anapole and Siegert

contributions associated with the interactions of Eqs. (5,6):
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∆π(3)(Siegert) + ∆π(3)(anapole) , (23)

while the interference of Figs. 1a and 1e generates the response associated with the PV

N∆π d-wave interaction:

∆π(3)(d-wave) . (24)

From the total contribution

∆π(3)(TOT) = ∆π(3)(NC) + ∆π(3)(Siegert) + ∆π(3)(anapole) + ∆π(3)(d-wave) (25)

we may define the overall O(α) correction R∆
A

to the O(GF ) axial response via

∆π(3)(TOT) = 2(1 − 4sin2 θ0
W

)(1 + R∆
A
)F (Q2, s) (26)

where θ0
W

is the weak mixing angle at tree-level in the Standard Model:

sin2 θ0
W

(1 − sin2 θ0
W

) =
πα√

2GµM2
Z

, (27)

or

sin2 θ0
W

= 0.21215 ± 0.00002 . (28)

One may decompose the O(α) effects described by R∆
A

according to several sources:

R∆
A

= Rewk
A

+ R
Siegert
A + R

anapole
A + Rd-wave

A
+ · · · , (29)

where the + · · · indicate possible contributions from other many-quark and QCD effects

not included here. The quantity Rewk
A

denotes the one-quark radiative corrections,

Rewk
A

=
C2u − C2d

C0
2u − C0

2d

− 1 (30)

with the superscript “0” denoting the tree-level values of the C2q. The correction Rewk
A

de-

notes both the effects of O(α) corrections to the relation in Eq. (27) as well as the O(αGF )

13



contributions to the neutral current e-q amplitude. While the tree-level weak mixing an-

gle is renormalization scheme-independent, both sin2 θW and the correction Rewk
A

depend

on the choice of renormalization scheme. In what follows, we quote results for both the

on-shell renormalization (OSR) and MS schemes. Note that our convention for the R(k)
A

differs from the convention adopted in our earlier work of Ref. [9], where we normalized

to the scheme-dependent quantity 1− 4sin2 θW .

The remaining corrections are defined by

R
Siegert
A = ∆π(3)(Siegert)/∆π(3)(NC)0 (31)

R
anapole
A = ∆π(3)(anapole)/∆π(3)(NC)0 (32)

Rd-wave
A = ∆π(3)(d-wave)/∆π(3)(NC)0 , (33)

where the “0” denotes the value of the NC contribution at tree-level.

Electroweak radiative corrections

The parity violating amplitude for the process ,ep → e∆ is generated by the diagrams

in Figure 1b-e. At tree-level in the Standard Model, one has

iMPV = iMPV

AV
+ iMPV

V A
, (34)

where

iMPV

AV
= i

Gµ

2
√

2
lλ5 < ∆|Jλ|N > (35)

from Fig. 1b and

iMPV

V A
= i

Gµ

2
√

2
lλ < ∆|Jλ5|N > . (36)

from Fig. 1c. Here, Jλ (Jλ5) and lλ (lλ5) denote the vector (axial vector) weak neutral

currents of the quarks and electron, respectively [22]. Note that the vector leptonic weak

neutral current contains the factor ge
V = (−1+4sin2 θW ) ≈ −0.1, which strongly suppresses

the leading order Z0-exchange amplitude of Fig. 1c.
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The interactions given in Eqs. (5,6) generate additional contributions to MPV

V A
when a

photon is exchanged between the nucleon and the electron (Figure 1d). The corresponding

amplitudes are

iMPV

Siegert = −i
(4πα)d∆

Q2Λχ
ēγµe∆̄ν [(M − M∆)gµν − qνγµ] N (37)

iMPV

anapole = i
(4πα)a∆

Λ2
χ

ēγµe∆̄µN . (38)

We note that, unlike MPV

V A
, the amplitudes in Eqs. (37) and (38) contain no (1−4sin2 θW )

suppression. Consequently, the relative importance of the PV γ-exchange many-quark

amplitudes is enhanced by 1/(1 − 4sin2 θW ) ∼ 10 relative to the leading order neutral

current amplitude.

The constants d∆ and a∆ contain contributions from loops (L) generated by the

Lagrangians given in Section 3 below and from counterterms (CT) in the tree-level effective

Lagrangian of Eqs. (5,6):

d∆ = dL

∆ + dCT

∆ (39)

a∆ = aL

∆ + aCT

∆ . (40)

In HBχPT, only the parts of the loop amplitudes non-analytic in quark masses mq can

be unambigously indentified with dL

∆ and aL

∆. Contributions analytic in the mq have the

same form as operators appearing the effective chiral Lagrangian, and since the latter

carry a priori unknown coefficients which must be fit to experimental data, one has no

way to distinguish their effects from loop contributions analytic in mq. Consequently, all

remaining analytic terms may be incorporated into dCT

∆ and aCT

∆ . In Sec. 4, we compute

explicitly the various loop contributions up through O(p3). In principle, dCT

∆ and aCT

∆

should be determined from experiment. At present, however, we know of no independent

determination of these constants to use as input in predicting R∆
A
, so we rely on model

estimates for this purpose (see Sec. 6).
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The structure arising from the PV d-wave amplitude (Fig. 1e) is considerably more

complex than those associated with Figs. 1b-d, and we defer a detailed discussion to Sec.

5. We note, however, that the amplitude of Fig. 1e – like its partners in Fig. 1d – does

not contain the 1 − 4sin2 θW suppression factor associated with the O(GF ) amplitude of

Fig. 1c.

For future reference, it is useful to give expressions for the various contributions to

∆π(3) as well as the corresponding contributions to R∆
A

and the total asymmetry ALR. For

the response function, we have

∆π(3)(Siegert) =
8
√

2πα

GµQ2

d∆

CV
3

[

q0 + W − MN

2Λχ

]

P
(

Q2, s
)

(41)

∆π(3)(anapole) = −
8
√

2πα

GµΛ2
χ

a∆

CV
3

P
(

Q2, s
)

(42)

∆π(3)(d-wave) = −
8
√

2πα

GµΛ2
χ

[

Λχ
M∆ + MN

]

fN∆π

gπN∆
H(Q2, s)P

(

Q2, s
)

. (43)

The appearance of P (Q2, s) results from the different kinematic dependences generated by

the transverse PC and axial vector PV contributions to the electroexcitation asymmetry

[5,22]. The function H(Q2, s) is a gently varying function of Q2-defined in Eq. (111) of

Sec. 5.

The corresponding radiative corrections are

R
Siegert
A =

8
√

2πα

GµΛ2
χ

1

1 − 4sin2 θ0
W

d∆

2CA
5

Λ2
χ

Q2

q0 + W − M

2Λχ
f(Q2, s)−1 (44)

R
anapole
A = −

8
√

2πα

GµΛ2
χ

1

1 − 4sin2 θ0
W

a∆

2CA
5

f(Q2, s)−1 (45)

Rd-wave
A

= −
4
√

2πα

GµΛ2
χ

1

1 − 4sin2 θ0
W

Λχ
m∆ + mN

fN∆π

gπN∆

CV
3

CA
5

H(Q2, s)f(Q2, s)−1 , (46)

where

f(Q2, s) = 1 +
M2

∆ − Q2 − M2

2M2

CA
4

CA
5

+
q0 + W − M

2M

CA
3

CA
5

∼ 1 . (47)

In order to set the overall scale of R
Siegert
A , R

anapole
A , and Rd-wave

A
, we follow Ref. [9]

and set d∆ ∼ a∆ ∼ fN∆π ∼ gπ, where gπ = 3.8 × 10−8 is the “natural” scale for charged
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current hadronic PV effects [26,27]. Using CA
5 ∼ 1, CV

3 /CA
5 ∼ 1.6, gπN∆ ∼ 1, f(Q2, s) ∼ 1

and H(Q2, s) ∼ 0.1, we obtain

R
Siegert
A ∼ 0.0041 (Λ2

χ/Q
2) (48)

R
anapole
A ∼ −0.0041 (49)

Rd-wave
A

∼ −0.0002 . (50)

As we show below, R
anapole
A may be significantly enhanced over this general scale. From

Eqs. (44) and (45) we also observe that the ratio of radiative corrections scales as in Eq.

(9) (up to a factor of 2). Thus, we expect the relative importance of the two contributions

to depend critically on the ratio of d∆/a∆ at the G0 kinematics, and we argue below that

d∆ – like a∆ – may be significantly enhanced over the scale gπ.

Finally, the total contribution to the asymmetry from the various response functions

is given by

ALR[∆π(1)] =
GµQ2

4
√

2πα
2(C1u − C1d)

≈ −9 × 10−5[Q2/(GeV/c)2] (51)

ALR[∆π(3)(NC)] =
GµQ2

4
√

2πα
2(C2u − C2d)F (Q2, s)

≈ −6.3 × 10−6F (Q2, s)[Q2/(GeV/c)2] (52)

ALR[∆(3)
π (Siegert)] = −

2d∆

CV
3

δ

Λχ
P(Q2, s)

≈ −2 × 10−8

[

d∆/gπ
CV

3

]

P(Q2, s) (53)

ALR[∆(3)
π (anapole)] =

2a∆

CV
3

Q2

Λ2
χ

P(Q2, s)

≈ 2.8 × 10−8

[

a∆/gπ
CV

3

]

P(Q2, s)[Q2/(GeV/c)2] (54)

ALR[∆π(3)(d-wave)] =
fN∆π

gπN∆
H(Q2, s)P(Q2, s)

2Q2

Λχ(m∆ + mN )

≈ 3.0 × 10−8[
fN∆π/gπ

gπN∆
]H(Q2, s)P(Q2, s)[Q2/(GeV/c)2] . (55)
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Chiral and 1/Nc counting

A consistent treatment of the asymmetry must consider all contributions to the PV

amplitudes through a given chiral order. One may either identify the chiral order accord-

ing to powers of 1/Λχ and 1/mN or in terms of powers of p, where p denotes a small

external momentum or mass or the photon field. In general, the two schemes are eas-

ily interchanged. In the present case, the interactions in Eqs. (5,6) are, respectively,

O(1/Λχ, 1/Λ2
χ) or O(p2, p3). In what follows, we adopt the p-counting scheme exclusively,

following the small scale expansion framework of Ref. [28]. We truncate our expansions

of d∆ and a∆ at O(p3).

While one may readily identify the formal chiral order of various contributions to

ALR, the physical significance of chiral counting is complicated by the dominance of the

∆ intermediate state at resonant kinematics. As a first step, we identify the chiral order

of various contributions to the resonant PV amplitudes in Figs. 1d and 1e. The order

of each interaction vertex is listed in Table I, along with the order of the corresponding

amplitude. Here, we count the ∆ propagator as O(p−1), though other conventions exist

in the literature [29]. From the third column of Table I, it is clear that one must include

both the amplitude of Fig. 1d as well as that of Fig. 1e. Loop corrections to the PV

∆ → Nπ vertex always lead to a higher order PV amplitude in chiral counting as shown

in Section IV. Details can be found in Appendix C.

The list of amplitudes in Table I does not include various non-resonant background

contributions, even though some may be formally of lower chiral order than those involving

the ∆ intermediate state (see, e.g. the studies of PV threshold π production in Refs.

[13,27,30]). The reason for the omission is that for resonant kinematics, the contribution

of the ∆ is enhanced relative to the non-resonant (NR) background contributions by

σ∆/σNR ∼ (2M∆/Γ∆)4 ∼ 2 × 104 . (56)

and, thus, more than compensates for the relative chiral orders of the ∆ and NR con-
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tributions. Indeed, from a blind application of chiral power counting to ALR, one might

erroneously truncate the chiral expansion at O(p), retaining only the non-resonant back-

ground contributions to the resonant asymmetry. In this context, then, chiral power

counting is appropriately used as a means of organizing various resonant contributions

but not to delineate the relative importance of resonant and non-resonant amplitudes.

These considerations take on added importance when studying the large Nc limit

of ALR. In carrying out this limit, one must take care to include both the ∆ and NR

contributions. To that end, we write

ALR =
∆σ∆ + ∆σNR

σ∆ + σNR
, (57)

where σ∆ and σNR denote the ∆ and NR contributions to the helicity-independent electron

scattering cross section and ∆σ∆ and ∆σNR are the corresponding helicity difference cross

sections. In the physical regime with Nc = 3, one has, for resonant kinematics,

|σNR| << |σ∆| (58)

|∆σNR| << |∆σ∆| . (59)

Hence, to an excellent approximation,

ALR ≈
∆σ∆

σ∆
. (60)

At Q2 = 0, the only contribution to ∆σ∆ arises from LSiegert, whose matrix element

scales as δ. For these kinematics, the parity conserving M1 amplitude which governs σ∆

also goes as δ, yielding the δ-independent result of Eq. (3). This feature appears in the

function P(Q2, s) which is ∝ 1/δ when Q2 = 0. We emphasize that the result in Eq.

(3), obtained for Nc = 3 and q2 = 0, expresses the relevant limit for the interpretation of

prospective ALR measurements.

To obtain the theoretical limit Nc → ∞, we first treat the N and ∆ as degenerate

states with zero widths. In this case, one may no longer distinguish resonant and NR
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contributions to ALR, and the ∆ contributions are no longer enhanced relative to those

involving a nucleon intermediate state. Moreover, Siegert’s theorem implies that ∆σ∆ = 0

at Q2 = 0 when the N and ∆ are degenerate, heavy baryons. Thus, we obtain the result

quoted in Eq. (7) and the PV asymmetry becomes

ALR(Q2 = 0, Nc → ∞) ≈
∆σNR + O(1/MN)

σ∆ + σNR
, (61)

where O(1/MN) denotes recoil-order corrections from LSiegert. Since ∆σNR is also of

O(1/MN) [13,30,27], the total asymmetry at the photon point must be O(1/MN). Thus,

we obtain the corollary quoted in Eq. (8). In short, the large Nc behavior of ALR is hidden

in Eq. (3) by the dominance of the ∆ cross section at resonant kinematics in the Nc = 3

world. In order to obtain the appropriate large Nc limit, one must consider the Nc scaling

of the PV and PC amplitudes before forming the asymmetry and setting q2 = 0.

PV Vertex γ∗N → ∆ ∆ → Nπ Amplitude

γ∗N → ∆, Siegert O(p2, p3) O(p) O(p2, p3)

γ∗N → ∆, Anapole O(p2, p3) O(p) O(p2, p3)

∆ → Nπ, D-wave O(p2) O(p2) O(p3)

TABLE I. Chiral orders for the vertices in Fig. 1. The first two lines apply to Fig. 1d, while

the second refers to Fig. 1e. The orders for both tree-level and loop corrections are indicated.

Note that the tree-level Siegert interaction is O(p2), while the corresponding tree-level anapole

interaction is O(p3). Loop effects generate O(p3) and O(p2) contributions, respectively, to the

Siegert and transition anapole interactions. The vertices in the third line are tree-level only.
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III. NOTATIONS AND CONVENTIONS

In computing the loop contributions to d∆ and a∆, we follow the standard conven-

tions for HBχPT. An extensive discussion of the relevant formalism, including complete

expressions for the non-linear PV and PC Lagrangians, can be found in Refs. [31,9,32,27]

and Appendix A. Since we focus here on the PV γN∆ transition, however, we give the

full expression for the corresponding Lagrangian:

Lγ∆N
PV

= ie
d1

Λχ
T̄ µ

3 γνF+
µνN + ie

d2

Λχ
T̄ µ

3 γν [F+
µν , X

3
+]+N

+ie
d3

Λχ
T̄ µ

3 γν [F+
µν , X

3
+]−N + ie

d4

Λχ
T̄ µ

3 γνγ5F
−
µνN

+ie
d5

Λχ
T̄ µ

3 γνγ5[F
+
µν , X

3
−]+N + ie

d6

Λχ
T̄ µ

3 γνγ5[F
−
µν , X

3
+]+N

+ie
d7

Λχ
T̄ µ

3 γν [F−
µν , X

3
−]+N + ie

d8

Λχ
T̄ µ

3 γν [F−
µν , X

3
−]−N

+ie
d̃1

Λχ
T̄ µ

3 γν < F+
µν > N + ie

d̃2

Λχ
T̄ µ

3 γν < [F+
µν , X

3
+]+ > N

+ie
d̃3

Λχ
T̄ µ

3 γν < [F+
µν , X

3
+]− > N + ie

d̃4

Λχ
T̄ µ

3 γνγ5 < F−
µν > N

+ie
d̃5

Λχ
T̄ µ

3 γνγ5 < [F+
µν , X

3
−]+ > N + ie

d̃6

Λχ
T̄ µ

3 γνγ5 < [F−
µν , X

3
+]+ > N

+ie
d̃7

Λχ
T̄ µ

3 γν < [F−
µν , X

3
−]+ > N + ie

d̃8

Λχ
T̄ µ

3 γν < [F−
µν , X

3
−]− > N

+e
a1

Λ2
χ

T̄ µ
3 [Dν , F+

νµ]N + e
a2

Λ2
χ

T̄ µ
3 [[Dν , F+

νµ], X3
+]+N

+e
a3

Λ2
χ

T̄ µ
3 [[Dν , F+

νµ], X3
+]−N + e

ã1

Λ2
χ

T̄ µ
3 < [Dν , F+

νµ] > N

+e
ã2

Λ2
χ

T̄ µ
3 < [[Dν , F+

νµ], X3
+]+ > N

+e
ã3

Λ2
χ

T̄ µ
3 < [[Dν , F+

νµ], X3
+]− > N + H.c.. (62)

Here,

Xa
L = ξ†τaξ , Xa

R = ξτaξ† , Xa
± = Xa

L±Xa
R (63)
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with

Σ = ξ2 , ξ = exp
(

iπ

Fπ

)

, π =
1

2
πaτa (64)

and Fπ = 92.4 MeV is the pion decay constant. In addition, N is the nucleon isodoublet

field, T i
µ are decuplet isospurion fields given by

T 3
µ = −

√

2

3









∆+

∆0









µ

, T+
µ =









∆++

∆+/
√

3









µ

, T−
µ = −









∆0/
√

3

∆−









µ

, (65)

and

F µν
± =

1

2
(∂µAν − ∂νAµ)(ξQ

′ξ† ± ξ†Q′ξ) (66)

where

Q′ =









1 0

0 0









. (67)

For an arbitrary operator we define

< Ô >= Tr
(

Ô
)

. (68)

The decuplet fields satisfy the constraints

τ iT i
µ = 0 (69)

γµT i
µ = 0 (70)

pµT i
µ = 0 . (71)

We eventually convert to the heavy baryon expansion, in which case the latter constraint

becomes vµT i
µ = 0 with vµ being the heavy baryon velocity. Another useful constraint in

HBχPT is

SµT i
µ = 0 (72)
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which arises from the fact γ5γµT i
µ = 0 in relativistic theory.

The PV γ∆N couplings d1−2, a1−2, d̃1−2 and ã1−2 are associated, at leading order in

1/Fπ, with zero-pion vertices. In terms of these couplings, one has

dCT
∆ = −

√

2

3
(d1 + 4d2 + d̃1 + 4d̃2) (73)

aCT
∆ = −

√

2

3
(a1 + 4a2 + ã1 + 4ã2) . (74)

The PV γπ∆∆ interactions contribute through loops. The corresponding Lagrangian

is

Lγ∆∆
PV

=
b1

Λχ
T̄ νσµν [F+

µν , X
3
−]+Tν +

b2

Λχ
T̄ νσµνF−

µνTν +
b3

Λχ
T̄ νσµν [F−

µν , X
3
+]+Tν

+i
b4

Λχ
T̄ µF−

µνT
ν + i

b5

Λχ
T̄ µ[F+

µν , X
3
−]+T ν + i

b6

Λχ
T̄ µ[F−

µν , X
3
+]+T ν

+
b7

Λχ
T̄ µγ5F̃

−
µνT

ν +
b8

Λχ
T̄ µγ5[F̃

+
µν , X

3
−]+T ν +

b9

Λχ
T̄ µγ5[F̃

−
µν , X

3
+]+T ν , (75)

where all the vertices have one pion when expanded to the leading order.

The PC strong and electromagnetic interactions involving N , ∆, π and γ fields are

well known, so we do not discuss them here (see Appendix A). Since the corresponding

PV interactions may be less familiar, we give expressions for these interactions expanded

to O(1/F 2
π ). In the (γ, N , π) sector one has

LπNN
PV = −ihπ(p̄nπ+ − n̄pπ−)[1 −

1

3F 2
π

(π+π− +
1

2
π0π0)]

−
h0

V + 4/3h2
V√

2Fπ
[p̄γµnDµπ

+ + n̄γµpDµπ
−]

+i
h1

A + h2
A

F 2
π

p̄γµγ5p(π+Dµπ
− − π−Dµπ

+)

+i
h1

A − h2
A

F 2
π

n̄γµγ5n(π+Dµπ
− − π−Dµπ

+)

+i

√
2h2

A

F 2
π

p̄γµγ5nπ+Dµπ
0 − i

√
2h2

A

F 2
π

n̄γµγ5pπ
−Dµπ

0 , (76)

where Dµ is the electromagnetic covariant derivative and we have retained the O(1/F 2
π )

three-pion terms arising from the PV Yukawa interaction.
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When including the ∆, one deduces from angular momentum considerations that the

lowest-order PV πN∆ interaction having only a single pion is d-wave and thus contains

two derivatives [9,27]. The leading one and two pion contributions are :

LπN∆
PV = −

1

Fπ
(2f1 +

2

3
f4)N̄γ5(D

µπ0T 3
µ + Dµπ−T+

µ + Dµπ+T−
µ )

+
2

Fπ
f4N̄γ5D

µπ0T 3
µ −

2

Fπ
f2N̄γ5(−Dµπ−T+

µ + Dµπ+T−
µ )

−
2

Fπ
f3N̄γ5τ3(D

µπ0T 3
µ + Dµπ−T+

µ + Dµπ+T−
µ )

−
2

Fπ
f5N̄γ5τ3(D

µπ−T+
µ + Dµπ+T−

µ ) + H.c. (77)

and

LππN∆
PV = −

ihp∆++π−π0

A

F 2
π

p̄∆++
µ Dµπ−π0 −

ihp∆++π0π−

A

F 2
π

p̄∆++
µ Dµπ0π−

−
ihp∆+π0π0

A

F 2
π

p̄∆+
µ Dµπ0π0 −

ihp∆+π+π−

A

F 2
π

p̄∆+
µ Dµπ+π−

−
ihp∆+π−π+

A

F 2
π

p̄∆+
µ Dµπ−π+ −

ihp∆0π+π0

A

F 2
π

p̄∆0
µD

µπ+π0

−
ihp∆0π0π+

A

F 2
π

p̄∆0
µD

µπ0π+ −
ihp∆−π+π+

A

F 2
π

p̄∆−
µ Dµπ+π+

−
ihn∆++π−π−

A

F 2
π

n̄∆++
µ Dµπ−π− −

ihn∆+π−π0

A

F 2
π

n̄∆+
µ Dµπ−π0

−
ihn∆+π0π−

A

F 2
π

n̄∆+
µ Dµπ0π− −

ihn∆0π0π0

A

F 2
π

n̄∆0
µDµπ0π0

−
ihn∆0π+π−

A

F 2
π

n̄∆0
µDµπ+π− −

ihn∆0π−π+

A

F 2
π

n̄∆0
µDµπ−π+

−
ihn∆−π+π0

A

F 2
π

n̄∆−
µ Dµπ+π0 −

ihn∆−π0π+

A

F 2
π

n̄∆−
µ Dµπ0π+ + H.c. , (78)

where the PV couplings fi etc are defined in Appendix A.

Finally, we require the PV π∆∆ interaction:

Lπ∆∆
PV = −i

h∆√
3
(∆̄++∆+π+ − ∆̄+∆++π−)

−i
h∆√

3
(∆̄0∆−π+ − ∆̄−∆0π−)
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−i
2h∆

3
(∆̄+∆0π+ − ∆̄0∆+π−) (79)

Lπ∆∆
V = −

h∆++∆+

V

Fπ
(∆̄++γµ∆+Dµπ+ + ∆̄+γµ∆++Dµπ−)

−
h∆+∆0

V

Fπ
(∆̄+γµ∆0Dµπ+ + ∆̄0γµ∆+Dµπ−)

−
h∆0∆−

V

Fπ
(∆̄0γµ∆−Dµπ+ + ∆̄−γµ∆0Dµπ−) . (80)

In order to obtain the proper chiral counting for the nucleon, we employ the conven-

tional heavy baryon expansion of LPC and, in order to consistently include the ∆, we

follow the small scale expansion proposed in [28]. In this approach both p, E << Λχ and

δ << Λχ are treated as O(ε) in chiral power counting. The leading order vertices in this

framework can be obtained projectively via P+ΓP+ where Γ is the original vertex in the

relativistic Lagrangian and

P± =
1 ± ,v

2
. (81)

are projection operators for the large, small components of the Dirac wavefunction respec-

tively. Likewise, the O(1/mN) corrections are generally proportional to P+ΓP−/mN . In

previous work the parity conserving πN∆γ interaction Lagrangians have been obtained

to O(1/m2
N) [28]. We collect some of the relevant terms in Appendix A.

IV. CHIRAL LOOPS: DL
∆ AND AL

∆

Using the interactions given in the previous section, we can compute the contributions

to a∆ and d∆ generated by the loops of Figs. 2-5. Loop corrections to the PV πN∆ d-wave

interaction contribute at higher order than considered here, so we do not discuss them

explicitly. To assist the reader in identifying the chiral order of each Feynman diagram,

we list the chiral powers of all relevant π, N, ∆ vertices in Table II.
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Vertex Type Parity Conserving Parity Violating

πNN O(p) O(p0, p)

πN∆ O(p) O(p2)

π∆∆ O(p) O(p0, p)

ππNN O(p, p2) O(p)

ππN∆ O(p2) O(p)

ππ∆∆ O(p, p2) O(p)

TABLE II. Chiral orders for the meson-baryon vertices in the loop calculation. The O(p) PC

ππNN vertex arises from chiral connection while the PV O(p0) vertex comes from the Yukawa

coupling.
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Following the standard convention, we regulate the loop integrals using dimensional

regularization (DR) and absorb into the counterterms aCT
∆ and dCT

∆ the divergent—1/(d−

4)—terms as well as finite contributions analytic in the quark mass and δ. For the sake of

clarity, we discuss the contributions to a∆ and d∆ separately. We note, however, that the

PV πN∆ interaction is O(p2), so that the loops in Figs. 2f-i and 3e-h do not contribute

to a∆ and d∆ to the order we are working.

We first consider the contributions to aL
∆ generated by the PV πNN couplings. The

leading contributions arise from the PV Yukawa coupling hπ contained in the loops of

2a-c. To O(p3), the diagram 2c containing a photon insertion (minimal coupling) on a

nucleon line does not contribute since the intermediate baryon is neutral. ‡

The sum of the non-vanishing diagrams Figure 2a-b yields a gauge invariant O(p2)

result:

aL

∆(Y 1) = −
√

3

6π
gπN∆hπΛχ

∫ 1

0
dx(2x − 1)x

∫ ∞

0
dy

Γ(1 + ε)

C−(x, y)1+ε

= −
√

3

6π
gπN∆hπ

Λχ
mπ

F N
0 , (82)

where gπN∆ is the strong πN∆ coupling, C±(x, y) = y2±2yδ(1−x)+x(1−x)Q2 +m2
π−iε

and the functions F N,∆
i are defined in Appendix A. Due to the 1/mπ-dependence of

aL

∆(Y 1), this contribution appears at one order lower than the tree-level contribution

from Eq. (6). Hence, the latter is a sub-leading effect.

As the PV Yukawa interaction is of order O(p0), we must consider higher order cor-

rections involving this interaction, which arise from the 1/mN expansion of the nucleon

propagator and various vertices. Since P+ · 1 ·P− = 0, there is no 1/mN correction to the

PV Yukawa vertex. From the 1/mN N̄N terms in Eq. (A3) we have

‡In fact, even if the intermediate state were charged, this class of diagram would vanish since

the loop integral has exactly the same form as that in Eq. (92) which is shown to be zero.
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aL

∆(Y 2) =

√
3

144π
gπN∆hπ

Λχ
mN

G0 −
√

3

6π
gπN∆hπ

Λχ
mN

F N
1 , (83)

where µ is the subtraction scale introduced by DR and

G0 =
∫ 1

0
dx ln

(

µ2

m2
π + x(1 − x)Q2

)

. (84)

Finally, the 1/mN correction to the strong πN∆ vertex yields

aL

∆(Y 3) = −
√

3

6π
gπN∆hπ

Λχ
mN

δ

mπ
F N

2 . (85)

For the PV vector πNN coupling we consider Figs. 2a-d, which contribute

aL

∆(V ) =

√
6

36
gπN∆(h0

V +
4

3
h2

V )G0 . (86)

Similarly for the PV π∆∆ Yukawa coupling in Figs. 3a-c we have

aL

∆(Y D1) =

√
3

18π
gπN∆h∆

Λχ
mπ

F∆
0 . (87)

As in the case of aL

∆(Y 1), the contribution aL

∆(Y D1) occurs at O(p2), one order lower

than the tree-level contribution. The 1/mN expansion of the delta propagator yields the

O(p3) term

aL

∆(Y D2) = −
√

3

18π
gπN∆h∆

Λχ
mN

[

13

24
G0 −

δ

mπ
F∆

0 + (
δ2

m2
π

− 1)F∆
1

]

, (88)

while the 1/mN expansion of the strong vertices leads to

aL

∆(Y D3) +

√
3

18π
gπN∆h∆

Λχ
mN

[

1

12
G0 −

δ

mπ
F∆

0

]

. (89)

For the PV vector π∆∆ coupling we consider diagrams Figure 3a-d. Their contribution

is

aL

∆(V D) =
1

6
gπN∆(

h∆+∆0

V√
3

+ h∆++∆+

V )G0 . (90)

The contribution generated from the PV axial ππN∆ vertices comes only from the

loop Figure 2e, and its contribution is
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aL(AD) = −
1

6
(hp∆+π+π−

A − hp∆+π−π+

A )G0 . (91)

Finally, the nominally O(p3) diagram Fig. 2j does not have the transition anapole

Lorentz structure. It contributes only to the pole part of the Siegert operator, and its

effect is completely renormalized away by the counterterm.

An additional class of contributions to aL

∆ arises from the insertion of PC nucleon

or delta resonance magnetic moments. The relevant diagrams are collected in Figure 4.

Since the PV πN∆ vertices are O(p2), the correction from Figure 4e-h is O(p5) or higher.

In contrast, when the PV vertex is Yukawa type as in Figure 4a-d, these diagrams naively

appear to be O(p3). However, such diagrams vanish after integration within the framework

of HBχPT for reasons discussed below [see Eq. (92)]. Moreover, these diagrams do not

generate the tensor structure given in Eq. (6). As for the PV electromagnetic insertions

in Figure 5, their contribution is O(p4) or higher, as we have explicitly verified, and we

neglect them in the present analysis.

In principle, a large number of diagrams contribute to dL
∆ at one loop order. However,

our truncation at O(p3) significantly reduces the number of diagrams which must be

explicitly computed. For example, the amplitudes in Figure 5b and 5e are O(p4). The

diagram in Figure 2j arises from the expansion of the di terms in Eq. (62) up to two

pions, and its contribution is also O(p4). The diagrams arising from PV axial and vector

vertices in Figure 2 and 3 do not have the tensor structure as in Eq. (5). Another possible

source is PC magnetic insertions in Figure 4 with the PV Yukawa vertices. However, their

contribution vanishes after the loop integration is performed. For example, for Fig. 4a

we have

iM4a = ie
µnhπgπN∆√

3FπmN

εµναβεµqνvαSβ
∫ dDk

(2π)D

kσ
(v · k)[v · (q + k)](k2 − m2

π + iε)

= −2ie
µnhπgπN∆√

3FπmN

εµναβεµqνvαSβ
∫ ∞

0
sds

∫ 1

0
du

∫ dDk

(2π)D

kσ
[k2 + sv · k + usv · q + m2

π]
3

(92)

where µn is the neutron magnetic moment, qµ is the photon momentum, ε is the photon
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polarization vector, s has the dimensions of mass, and we have Wick rotated to Euclidean

momenta in the second line. From this form it is clear that iM4a ∝ vσ. However, the index

σ is associated with the delta spinor, and from the constraint T σvσ = 0 we conclude that

this amplitude vanishes. Similar arguments hold for the remaining diagrams in Figure 4.

Hence, the only non-vanishing contributions to O(p3) come from the PV Yukawa vertices

of Figs. 2a-c and 3a-c, including the associated 1/MN corrections.

The chiral correction from PV πNN Yukawa vertex reads

dL
∆(Y 1) −

√
3

3π
hπgπN∆

[

1

4
G0 +

δ

mπ
F N

3

]

. (93)

The 1/mN correction to the propagator yields

dL
∆(Y 2) = −

√
3

3π
hπgπN∆

mπ
mN

F N
4 (94)

while the 1/mN correction to the strong vertex leads to

dL
∆(Y 3) = −

√
3

3π
hπgπN∆

[

π

2

mπ
mN

−
δ

2mN
G0 −

δ2

mNmπ
F N

5

]

. (95)

Similarly,the PV π∆∆ Yukawa vertex yields

dL
∆(Y D1) = −

√
3

9π
h∆gπN∆

[

1

4
G0 −

δ

mπ
F∆

3

]

. (96)

The 1/mN correction to the propagator yields

dL
∆(Y D2) = −

√
3

9π
hπgπN∆

[

π

2

mπ
mN

+
δ

2mN
G0 −

δ2

mNmπ
F∆

3 −
δ2 − m2

π

mNmπ
F∆

4

]

, (97)

while the 1/mN correction to the strong vertex leads to

dL
∆(Y D3) =

√
3

9π
hπgπN∆

[

π

2

mπ
mN

+
δ

2mN
G0 −

δ2

mNmπ
F∆

3

]

. (98)

Summing the results in Eqs. (82-98) we obtain the total loop contributions to a∆ and

d∆:
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aL
∆(TOT ) = −

√
3

6π
gπN∆hπ

[

Λχ
mπ

F N
0 −

1

24

Λχ
mN

G0 +
Λχ
mN

F N
1 +

Λχ
mN

δ

mπ
F N

2

]

+

√
3

18π
gπN∆h∆

[

Λχ
mπ

F∆
0 −

11

24

Λχ
mN

G0 −
Λχ
mN

(
δ2

m2
π

− 1)F∆
1

]

+

√
6

36
gπN∆(h0

V +
4

3
h2

V )G0

+
1

6
gπN∆(

h∆+∆0

V√
3

+ h∆++∆+

V )G0

−
1

6
(hp∆+π+π−

A − hp∆+π−π+

A )G0 (99)

dL
∆(TOT ) = −

√
3

3π
hπgπN∆

[1

4
G0 +

δ

mπ
F N

3 +
mπ
mN

F N
4

+
π

2

mπ
mN

−
δ

2mN
G0 −

δ2

mNmπ
F N

5

]

−
√

3

9π
h∆gπN∆

[

1

4
G0 −

δ

mπ
F∆

3 −
δ2 − m2

π

mNmπ
F∆

4

]

. (100)

V. PV πN∆ D-WAVE CONTRIBUTION

The PV πN∆ d-wave interaction given in Eq. (77) can be derived from the more

general, non-linear PV fi terms in the general PV πN∆ effective Lagrangian in the

Appendix A. For present purposes, we require only the terms involving the ∆+:

LPV
πN∆ = −

√

2

3

fp∆+π0

Fπ
p̄γ5∆+

µ Dµπ0 +

√

1

3

fn∆+π−

Fπ
n̄γ5∆

+
µ Dµπ− + H.c (101)

where

fp∆+π0 = −2f1 +
4

3
f4 − 2f3 − 2f5

fn∆+π− = −2f1 + 2f2 + 2f3 −
2

3
f4 − 2f5 . (102)

In order to see the d-wave character of these interactions, we make the replacement

γ5 →
lµγµγ5

m∆ + mN
(103)
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where lµ is the pion momentum. In the nonrelativistic limit, the spatial part of γµγ5 is

just Sµ, so that these interactions are quadratic in lµ as advertized.

The dominant contribution from LPV
πN∆ to ALR arises from the s-channel process of Fig.

1e. In addition, the u-channel diagram (π and γ vertices interchanged) also contributes.

The latter is strongly suppressed, however, by Γ2
∆/m2

∆ ∼ 0.01 for resonant kinematics,

making its effect commensurate with that of other background contributions, such as the

s-channel amplitude containing nucleon, ∆π, etc. intermediate states. Consequently, we

do not include it explicitly here. Similarly, as shown in Appendix C, loop contributions to

the PV πN∆ d-wave interaction arise only at higher order than we include here. Hence,

we compute only the tree-level contribution to ALR.

The full expressions for the PV and PC cross sections are too lengthy to be presented

here. For illustrative purposes, however, we quote the lowest-order contributions. In doing

so, we adopt the following counting: (1) We count mN , m∆, kµ ∼ O(p0) and qµ, lµ ∼ O(p)

where kµ, qµ, lµ are the electron, photon and pion momentum, respectively ; (2) Whenever

we encounter scalar product of two momenta, we first employ the on-shell condition

and other kinematical constraints like (p + q)2 = p2
∆ = m2

∆. For example, we have

l · k ∼ O(p), l · q ∼ O(p2), k · q = −Q2

2 ∼ O(p2), p · k ∼ O(p0) etc.

The lowest chiral order O(p6) parity violating response function reads

WPV ∼ −
2Q2

9m4
∆

(mN − m∆)(mN + m∆)2{4E3
πm

5
N (m2

N + m2
∆ − 2s)

+16E2
πm

2
∆m3

Nm2
3(2mN + m∆)

+Eπm
2
∆mNm2

π(m
2
N − 6mNm∆ − 3m2

∆)(m2
N + m2

∆ − 2s)

−4m4
∆m2

3m
2
π(m

2
N + 2mNm∆ − 3m2

∆)} , (104)

while the lowest chiral order O(p4) parity conserving response function is

WPC ∼
16

9m∆
(mN − m∆)(mN + m∆)2m2

3{−2Eπm
2
3m

3
N + m∆mN [2(m2

N − s)m2
2

−mNEπm
2
3] + 3m2

∆[4(m2
N − s)m2

2 + mNEπm
2
3]} . (105)
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The lowest order expressions for Eπ, m2
2, m

2
3 are

Eπ =
m2

∆ − m2
N + m2

π

2m∆mN
(m∆ − q0) (106)

m2
2 =

m2
∆ − m2

N + m2
π

2m∆
q0 (107)

m2
3 =

m2
∆ − m2

N + m2
π

2m∆

Q2 + s − m2
N

2m∆
(108)

where q0 = (m2
∆ − Q2 − m2

N)/2m∆.

From these expressions, we obtain the contribution to the asymmetry from Fig. 1e:

A∆
LR[∆π(3)(d-wave)] =

fN∆π

gπN∆
H(Q2, s)P(Q2, s)

2Q2

Λχ(m∆ + mN )
(109)

where

fN∆π =
1

3
fn∆+π− +

2

3
fp∆+π0 (110)

The function H(Q2, s) is defined as

P(Q2, s)H(Q2, s) =
Λχ
Q2

MPV

MPC
(111)

where we have inserted the factor Λχ to make the whole expression dimensionless. Explicit

numerical calculation shows

|H(Q2, s)| < 0.1 (112)

over the kinematic range of the Jefferson Lab measurement.

At present, the PV N∆π coupling fN∆π is unknown. In Section VI, we discuss various

estimates for its magnitude. We note, however, that the PV d-wave contribution to ALR

has the same leading Q2-dependence as the anapole and neutral current contributions,

and it is consequently highly unlikely that one will be able to isolate this term using the

remaining kinematic dependences contained in H . Thus, we treat fN∆π as an additional

source of uncertainty in the O(αGF ) contributions.
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VI. LOW-ENERGY CONSTANTS AND HADRONIC RESONANCES

As discussed in Ref. [9], a rigorous HBχPT treatment of R
Siegert
A , R

anapole
A , and

Rd-wave
A

would use measurements of the axial response to determine the a priori unknown

constants aCT
∆ , dCT

∆ , and fN∆π. Our goal in the present work, however, is to estimate the

size of the radiative corrections in order to clarify the interpretation of the proposed

measurement. To that end, we turn to theory in order to estimate the size of these

counterterms. Because they are governed in part by the short-distance (r > 1/Λχ) strong

interaction, such terms are difficult to compute from first principles in QCD. One may,

however, obtain simple estimates using the “naive dimensional analysis” (NDA) of Ref.

[33]. According to this approach, effective weak interaction operators should scale as

(

ψ̄ψ

ΛχF 2
π

)k (

π

Fπ

)*
(

Dµ

Λχ

)m

× (ΛχFπ)
2 × gπ , (113)

where

gπ ∼
GFF 2

π

2
√

2
(114)

is the scale of weak charged current hadronic processes discussed above and Dµ is the

covariant derivative. In all cases of interest here, one has k = 1. The interactions of Eqs.

(5,6) correspond to 2 = 0 and m = 2 (Siegert operator) and m = 3 (anapole operator).

Consequently, the Siegert and anapole interactions should scale as gπ/Λχ and gπ/Λ2
χ,

respectively. For the PV N∆π d-wave interaction, one has 2 = 1 and m = 1, so that

this interaction should scale as gπ/Fπ (the heavy baryon expansion includes an additional

explicit factor of Dµ/MN). From the normalization of the operators in Eqs. (5, 6, 101),

we conclude that dCT
∆ , aCT

∆ , and fN∆π should all be O(gπ). As we discuss below, however,

different models for short distance hadron dynamics governing these low energy constants

may yield significant enhancements over the NDA scale.

Transition anapole
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In our previous work [9], we adopted a resonance saturation model for the elastic ana-

logues of a∆. The justification for this choice relies on experience with χPT in pseudoscalar

meson sector, where the O(p4) low-energy contants are well described using vector meson

dominance (VMD) [34]. In Ref. [9], we used VMD and obtained large, negative values

for aCT
N . The resulting prediction for Rp

A
lies closer to the experimental result than if one

assumed the aCT
N were of “natural” size. Consequently, we adopt a similar approach here

in order to estimate aCT
∆ .

The relevant VMD diagrams are shown in Fig. 6. Note that parity-violation enters

through the vector meson-nucleon-delta interaction vertices. The relevant PV vector

meson-nucleon Lagrangians are [35]:

LPV
ρN∆ = −h0

∆NρN̄ρµiTµi − h1
∆NρN̄ρµ0T 3

µ

−h′1
∆Nρ

(

N̄ρµ+Tµ− − N̄ρµ−Tµ+ − N̄τ iρµiT 3
µ

)

+ H.c. (115)

LPV
∆Nω = −h1

∆NωN̄ωµT
µ
3 + H.c. , (116)

where the PV coupling constants hi
∆Nρ etc have been estimated in Refs. [35].

For the V − γ transition amplitude, we use

LV γ =
e

2fV
F µνVµν , (117)

where e is the charge unit, fV is the γ-V conversion constant (V = ρ0, ω, φ), and Vµν is the

corresponding vector meson field tensor. (This gauge-invariant Lagrangian ensures that

the diagrams of Figure 6 do not contribute to the charge of the nucleon.) The amplitude

of Figure 6 then yields

aCT

∆ (V MD) =

√

2

3

h0
∆Nρ + h1

∆Nρ − h′1
∆Nρ

fρ
(
Λχ
mρ

)2 +

√

2

3

h1
∆Nω

fω
(

Λχ
mω

)2 , (118)

An important consideration when analyzing the impact of aCT

∆ (V MD) is the overall

sign, which is set in large part by the relative phase between the hi
∆Nρ and the fV . The

same issue arises for the overall sign of aCT

N (V MD), which depends on the PV NNV
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couplings hi
V and the fV . In Ref. [9] we determined the relative phase between fρ and hi

ρ

using the sign of the measured PV ,pp elastic asymmetry [36–39] and the VMD contribution

to nucleon charge radii [40]. The resulting phase is hi
ρ/fρ > 0. The authors of Ref. [35]

obtain “best values” for h0
∆Nρ, h

1
∆Nρ, h

1
∆Nω having opposite sign from the hi

ρ while h′1
∆Nρ

is very close to zero. Within the context of this model, then, we obtain hi
∆Nρ/fρ < 0,

h1
∆Nω/fρ < 0. From Eq. (45), we obtain a positive contribution to R

anapole
A from short-

distance part of the anapole transition form factor.

Siegert operator

A straightforward application of power counting shows that t-channel exchange of

vector mesons cannot contribute to dCT
∆ . To obtain estimates for the latter, we consider

contributions from Jπ = 1
2

−
and 3

2

−
baryon resonances, as indicated in Fig. 7. Here,

the pseudoscalar, nonleptonic weak interaction HPV
W mixes states of the same spin and

opposite parity into the initial and final baryon states, while the γ∗ vertex brings about the

∆J = 1 transition. A similar approach was used in Ref. [20,21] in analyzing the ∆S = 1

nonleptonic and radiative decays of octet baryons. A particularly interesting application of

baryon resonance saturation involves the electric dipole transitions for the decays Σ+ → pγ

and Ξ− → Σ−γ. As noted earlier, Hara’s theorem implies that these amplitudes vanish

when SU(3) symmetry is exact, leading to vanishing asymmetry parameters αBB′

for the

decays. Naively, one would expect the measured asymmetries to be of the typical order

for SU(3)-breaking corrections: αBB′ ∼ ms/MB ∼ 0.15, where ms is the strange quark

mass. Experimentally, however, one finds [24,41]

αΣ+p = −0.76 ± 0.08 (119)

αΞ0Σ0

= −0.63 ± 0.09 . (120)

The theoretical challenge has been to account for these enhanced values of αBB′

in a

manner consistent with the corresponding nonleptonic decay rates. While a number of
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approaches have been attempted, the inclusion of 1
2

−
resonances as in Fig. 7a appears

to go the farthest in enhancing the theoretical predictions for the asymmetries while

simultaneously helping to resolve the S-wave/P-wave problem in the nonleptonic B → B′π

channel. If 1
2

−
resonance saturation is indeed the correct explanation for the enhanced

∆S = 1 PV radiative asymmetries, then one would naturally expect a similar mechanism

to play an important role in the ∆S = 0 PV electric dipole transition.

In employing baryon resonance saturation to estimate dCT
∆ , a number of considerations

should be kept in mind:

i) In contrast to the purely charged current (CC) ∆S = 1 nonleptonic weak interaction,

the Hamiltonian HPV
W (∆S = 0) of interest here receives both (CC) and neutral current

(NC) contributions. Moreover, the up- and down-quark CC component of HPV
W (∆S = 0)

is enhanced relative to HPV
W (∆S = 1) by Vud/Vus ≈ 4.5. Naively, then, one might expect

the ∆S = 0 1
2

− ↔ 1
2

+
and 3

2

− ↔ 3
2

+
amplitudes to be larger than the ∆S = 1 1

2

− ↔ 1
2

+

amplitudes by this factor. However, there exist situations where symmetry considerations

imply a suppression of the ∆S = 0 CC nonleptonic amplitudes relative to the ∆S = 1

channel. At leading order, for example, the CC contribution to the PV NNπ coupling

hπ contains a Vus/Vud suppression relative to the scale of ∆S = 1 weak mesonic decays.

Although we see no a priori reason for such a suppression in the 1
2

− ↔ 1
2

+
and 3

2

− ↔ 3
2

+

weak amplitudes, we cannot rule out the possibility in the absence of a detailed calculation.

ii) At present, one has information on the 1
2

− ↔ 1
2

+
∆S = 1 amplitudes from fits to the

S-wave ∆S = 1 mesonic decays, yet no information exists on the ∆S = 0, 1 3
2

− ↔ 3
2

+
or

∆S = 0 1
2

− ↔ 1
2

+
amplitudes. Since we seek only to provide and estimate for d∆ and

not to perform a detailed treatment of the underlying quark dynamics, we use the results

of Ref. [21] for the ∆S = 1 1
2

− ↔ 1
2

+
amplitudes for guidance in setting the scale of the

∆S = 0 weak matrix elements.

iii) The lowest-lying four star resonances which may contribute to the amplitudes of Fig.
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7 are given in Table III. In computing the amplitudes associated with Fig. 7, we require

the electromagnetic (EM) R(1
2

−
) → ∆(1232) and R(3

2

−
) → N(939) transition amplitudes.

The EM decays of the 1
2

−
resonances to the ∆(1232) have not been observed, whereas

the partial widths for R(3
2

−
) → pγ have been seen at the expected rates. For purposes

of estimating d∆, then, we consider only the contributions from Fig. 7b involving the 3
2

−

resonances.

Resonance I(Jπ) ΓTOT (MeV) Γpγ/ΓTOT

S11 N(1535) 1
2(1

2
−
) 150 0.15-0.35%

S11 N(1650) 1
2(1

2
−
) 150 0.04-0.18%

S31 ∆(1620) 3
2(1

2
−
) 150 0.004-0.044%

D13 N(1520) 1
2(3

2
−
) 120 0.46-0.56%

D33 ∆ (1700) 3
2(3

2
−
) 300 0.12-0.26%

TABLE III. Four star resonances which may contribute to the amplitudes of Fig. 7. Final

column gives branching fraction for the radiative decay R → pγ, where R denotes the resonant

state.
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iv) The lowest order weak and EM Lagrangians needed in evaluation of the amplitudes

of Fig. 7b are

LRN
EM

=
eCR

Λχ
R̄µγνpF

µν + H.c. (121)

LR∆
PV

= iWRR̄µ∆µ + H.c. , (122)

where, for simplicity, we have omitted labels associated with charge and isospin and

denoted the spin-3/2 field by Rµ. The constants CR and WR are a priori unknown. Using

Eqs. (121, 122), we obtain from the diagrams of Fig. 7b

dCT
∆ (RES) =

CRWR

MR − M∆
. (123)

From the experimental EM decay widths given in Table III, we find

|C1520| ≈ 0.98 ± 0.05 (124)

|C1700| ≈ 0.70 ± 0.13 (125)

with the overall sign uncertain. For the weak amplitudes WR, we note that the analysis

of Ref. [21] obtained |WR(∆S = 1)| ∼ 2× 10−7 GeV ≈ 5gπΛχ . Writing our estimates for

d∆ in terms of this quantity we have

dCT
∆ (RES) ∼ 17gπ

[

W1520

WR(∆S = 1)

]

+ 8gπ

[

W1700

WR(∆S = 1)

]

(126)

with an uncertainty as to the overall phase.

To the extent that |WR(∆S = 0)| ∼ |WR(∆S = 1)|, we would anticipate

|dCT
∆ (RES)| ∼ (10 − 25)gπ. For comparison, we obtain aCT

∆ (V MD) ∼ −15gπ using

the “best values” of Ref. [35]. Thus, it is reasonable to expect |d∆/a∆| ∼ 1 (up to chiral

corrections).

v) Based on NDA, one would might have expected |WR(∆S = 0)| ∼ gπΛχ (see, e.g. Refs.

[27,33] for generic arguments) and, thus, d∆ ∼ gπ. However, the results of Ref. [21] give
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|WR(∆S = 1)| ∼ 5gπΛχ, while the energy denominators in Eq. (123) suggest additional

enhancement factors of two-to-three. Since the ∆S = 0 amplitudes are generally further

enhanced by Vud/Vus as well as neutral current contributions, our estimate of dCT
∆ (RES)

could be four to five times larger than given in Eq. (126) with |WR(∆S = 0)| ∼ |WR(∆S =

1)|. Hence, we quote in Table IV a “reasonable range” based on this possible factor of four

enhancement. The “best values” are given by taking |WR(∆S = 0)| ∼ |WR(∆S = 1)|.

Given that the the relative phase between the CR and WR is undetermined by the foregoing

arguments, we quote a best value and reasonable range for the dCT
∆ (RES) only.

PV N∆π d-wave coupling

One may also apply the 1
2

−
, 3

2

−
resonance model in order to estimate the d-wave

coupling fN∆π. The relevant diagrams are similar to those of Fig. 7 with the γ replaced

by a π. For the 1
2

−
contributions, we require the partial widths Γ(1

2

− → ∆π). However,

for the resonances listed in Table 3, only the S31(1620) has an appreciable ∆π partial

width. In the case of the 3
2

−
states, we need the Nπ partial widths. In this case, big

contributions arise from the D13(1520) and D33(1700). While a complete calculation

would include a sum over all resonances, we focus for our estimate only on the latter two

states for simplicity. The corresponding strong decay Lagrangians are

LD13Nπ
I=1/2 = igD13NπR̄

µAµγ5N + H.c. (127)

LD33Nπ
I=3/2 = igD33NπN̄ωµ

i γ5R
i
µ + H.c. , (128)

where Rµ and Ri
µ denote the I(Jπ) = 1

2(
3
2

−
) and 3

2(
3
2

−
) resonance states, respectively, and

from the experimental partial waves, we obtain

|gD13Nπ| = 1.05 ± 0.08 (129)

|gD33Nπ| = 0.63 ± 0.14 . (130)

The weak, PV 3
2

+
-3
2

−
interaction is given in Eq. (122). The resulting PV d-wave

couplings involving the ∆+ are
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|fN∆π| ∼ 4gπ

∣

∣

∣

∣

∣

WR(1700)

W (∆S = 1)

∣

∣

∣

∣

∣

. (131)

The contributions from the D13(1520) to the nπ+ and pπ0 amplitudes cancel due to

isospin symmetry, leaving only the D33(1700) contribution in this approximation. As

before, taking WR ∼ WR(∆S = 1) yields weak couplings notably larger than gπ. The

corresponding best values and reasonable ranges are given in Table IV.

Coupling Best value Reasonable range

|dCT
∆ (RES)| 25gπ 0 → 100gπ

aCT
∆ (V MD) 15gπ (−15 → 70)gπ

|fN∆π| 4gπ 0 → 16gπ

TABLE IV. Best values and reasonable ranges for dCT
∆ , aCT

∆ .
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VII. THE SCALE OF RADIATIVE CORRECTIONS

In the absence of target-dependent QCD effects, the O(αGF ) contributions to ∆(3)
π are

determined entirely by the one-quark corrections Rewk
A

as defined in Eq. (30). As noted

above, Rewk
A

incorporates the effects of both the O(α) corrections to the definition of the

weak mixing angle in Eq. (27) as well as the O(αGF ) contributions to the elementary

e-q neutral current amplitudes. The precise value of Rewk
A

is renormalization scheme-

dependent, due to the truncation of the perturbation series at O(αGF ). In Table V, we

give the values of sin2 θW , −2(C2u−C2d), and Rewk
A

in the OSR and MS schemes. We note

that the impact of the O(α) one-quark corrections to the tree-level amplitude is already

significant, decreasing its value by ∼ 50%. As noted in Section 1, this sizable suppression

results from the absence in various loops of the 1−4sin2 θW factor appearing at tree-level,

the appearance of large logarithms of the type lnmq/MZ , and the shift in sin2 θW from its

tree-level value§.

Scheme sin2 θW −2(C2u − C2d) Rewk
A

Tree Level 0.21215 ± 0.00002 0.3028 0

OSR 0.22288 ± 0.00034 0.1404 −0.536

MS 0.23117 ± 0.00016 0.1246 −0.589

TABLE V. Weak mixing angle and one-quark O(αGF ) contributions to isovector axial tran-

sition current.

§At this order, the scheme-dependence introduces a 10% variation in the amplitude, owing to

the omission of higher-order (two-loop and beyond) effects.
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In discussing the impact of many-quark corrections, it is useful to consider a number

of perspectives. First, we compare the relative importance of the one- and many-quark

corrections by studying the ratios R(i)
A . Using the results of Sections IV-VI, we derive

numerical expressions for these ratios in terms of the various low-energy constants. For

the relevant input parameters we use current amplitude 1− 4sin2 θ0
W

, gA = 1.267 ± 0.004

[24], gπN∆ = 1.05 [28], Gµ = 1.166 × 10−5 GeV−2, δ = 0.3 GeV, µ = Λχ = 1.16 GeV,

fρ = 5.26, fω = 17 [42], gπ = 3.8 × 10−8, CA
5 = 0.87 and CV

3 = 1.39 [7]. It is worthwhile

mentioning that 2CA
5 is normalized such that this factor becomes gA for polarized ep

scattering. We find then

R
anapole
A = 0.01 ×

1.74

2CA
5

× {−0.04hπ − 0.07hV + 0.006h∆ − 0.18h∆
V

+0.17hN∆ππ
A + 0.09|h0

∆Nρ + h1
∆Nρ − h

′1
∆Nρ| + 0.025|h1

∆Nω|} (132)

R
Siegert
A = 0.01 ×

1.74

2CA
5

×
[

0.83dCT
∆ − 0.09hπ − 0.03h∆

]0.1GeV2

|q2|
q0 + W − M

0.6GeV
(133)

Rd-wave
A

= 0.00105 × fN∆π × (CV
3 /CA

5 ) × H(Q2, s) (134)

where

hV = h0
V +

4

3
h2

V (135)

h∆
V =

h∆+∆0

V√
3

+ h∆++∆+

V (136)

hN∆ππ
A = hp∆+π+π−

A − hp∆+π−π+

A (137)

and where all PV couplings are in unit of gπ and |H(Q2, s)| < 0.1.

The expressions in Eqs. (132) illustrate the sensitivity of the radiative corrections to

the various PV hadronic couplings. As expected on general grounds, the overall size of the

R(i)
A is about one percent when the PV couplings assume their “natural” scale (NDA). The

relative importance of the Siegert’s term correction, however, grows rapidly when Q2 falls

below ∼ 0.1 (GeV/c)2. The hadron resonance models of Section VI may yield significant

enhancements of the R(i)
A beyond the NDA scale. To obtain a range of values for the
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corrections, we list in Table 6 the available theoretical estimates for the PV constants,

including both the estimates given above as well as those appearing in Refs. [35,26]. We

observe that the couplings hi
A, hi

V , d∆ and hi
∆Nρ are weighted heavily in the expressions

of Eqs. (132). At present, these couplings are unconstrained by conventional analyses of

hadronic PV and there exist no model estimates for hi
A and hi

V . Consequently, we allow

the various combinations of these constants appearing in Eq. (132) to range between 10gπ

and −10gπ, using gπ as a reasonable guess for their best values.

The resulting values for the R(i)
A are shown in Table VII and Fig. 8. For the ratio

R
Siegert
A , we quote results for two overall signs (±) for d∆, since at present the overall

phase is uncertain. From both Table VII and Fig. 8 we observe that the importance

of the many-quark corrections can be significant in comparison to the one-quark effects

Rewk
A

. Moreover, the theoretical uncertainty, resulting from the reasonable ranges for the

PV parameters in Table VI, can be as large as Rewk
A

itself. It is conceivable that the

total correction R∆
A

could be as much as ±1 near the lower end of the kinematic range for

the Jefferson Lab N → ∆ measurement. While this result may seem surprising at first

glance, one should keep in mind that the O(αGF ) one-quark effects already yield a 50%

reduction in the tree-level axial amplitude, while the absence of the leading factor of Q2

in the Siegert contribution to ALR enhances the effect of the unknown constant d∆ for low

momentum transfer. If the Siegert operator is enhanced by the same mechanism proposed

to account for the violation of Hara’s theorem in ∆S = 1 hyperon radiative decays,

then the magnitude of the effects shown in Table VII and Fig. 8 is not unreasonable.

Conversely, should a future measurement imply R∆
A
∼ Rewk

A
, then one may have reason

to question the resonance saturation model for both d∆ and the hyperon decays.

Coupling constants Source Best values Range

hπ [35] ( [37]) 7 (7) 0 → 17
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h∆ [35] ( [37]) -20 (-20) −51 → 0

h1
∆Nω [35] ( [37]) 11 (10) 5 → 17

h0
∆Nρ [35] ( [37]) 20 (30) −54 → 152

h1
∆Nρ [35] ( [37]) 20 (20) 17 → 26

h
′1
∆Nρ [35] ( [37]) 0 (0) −0.5 → 2

hV [9] 1 −10 → 10

h∆
V this work 1 −10 → 10

hN∆ππ
A [32] 1 −10 → 10

TABLE VI. Range and the best values for the available PV coupling constants (in units of

gπ) from Refs. [35,37,9,32] and this work.
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For the purpose of analyzing prospective measurements, it is also useful to consider

the contributions to the total asymmetry generated by the various O(αGF ) effects. In

Figs. (9,10), we plot the ratios

ALR[∆π(3)(i)]

ALR(NC-tot)
, (138)

where ALR(NC-tot) is the total neutral current contribution to the asymmetry and i

denotes the Siegert, anapole, and d-wave contributions. In Fig. 9, we show the band

generated by the anapole, where the limits are determined by the ranges in Table VII.

For simplicity, we show the Siegert contribution for only the single case: d∆ = 25gπ, where

the effective coupling d∆ contains both the counterterm and loop effects, noting that d∆

is dominated by dCT
∆ . In Fig. 10, we give the variation of the Siegert contribution for a

range of d∆ values, where this range is essentially determined by the range for dCT
∆ given

in Table IV.

Source R∆
A

(best) R∆
A

(range)

One-quark (SM) −0.54 -

Siegert (+) 0.21 0.02 → 0.85

Siegert (−) −0.21 −0.85 → −0.02

Anapole 0.04 −0.09 → 0.21

d-wave 0.0006 −0.003 → 0.003

Total (+) −0.29 −0.61 → 0.52

Total (−) −0.71 −1.48 → −0.35

TABLE VII. One-quark Standard Model (SM) and many-quark anapole and Siegert’s con-

tributions to V (A) × A(N) radiative corrections. Values are computed in the on-shell scheme

using Q2 = 0.1 (GeV/c)2 and q0 + W − M = 0.6 GeV. The plus and minus signs correspond to

the positive and negative values for dCT
∆ .
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From the plots in Figs. (9,10), we observe that the uncertainty associated with the

anapole and d-wave terms can be as much as ∼ 25% of the nominal axial NC contribution.

The uncertainty associated with the Siegert contribution is even more pronounced. For

Q2 <∼ 0.1 (GeV/c)2, this uncertainty is ±100% of the axial NC contribution, decreasing to

<∼ 15% at Q2 = 0.5 (GeV/c)2. Evidently, in order to perform a meaningful determination

of the CA
i (Q2), one must also determine the size of the Siegert contribution. Since the Q2

variation of the latter can be as large as that associated with the CA
i (Q2) for 0.1 <∼Q2 <∼ 0.5

(GeV/c)2, one may not be able to rely solely on the Q2-dependence of the asymmetry in

this regime in order to disentangle the various effects.

Rather, in order to separate the Siegert contribution from the other axial terms, one

would ideally measure ALR in a regime where the Siegert term dominates the asymmetry.

As shown in Fig. 11, the Siegert contribution can become as large as the leading, ∆π(1)

contribution for Q2 <∼ 0.05 (GeV/c)2. To estimate the experimental kinematics optimal

for a determination of d∆ in this regime, we plot in Fig. 12 the total asymmetry for

low-Q2. To set the scale, we use the benchmark feasibility estimates of Ref. [5], based on

the experimental conditions in Table VIII.

Experimental Parameter Benchmark Value

Luminosity L 2 × 1038 cm−2s−1

Running time T 1000 hours

Solid angle ∆Ω 20 msr

Electron polarization Pe 100%

TABLE VIII. Possible experimental conditions for ALR measurement.
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From the figure of merit computed in Ref. [5], one obtains a prospective statistical

accuracy of ∼ 27% at E = 400 MeV, θ = 180◦ and Q2 = 0.054 (GeV/c)2. A measurement

with such precision would barely resolve the effect of d∆ = ±100gπ. Doubling the beam

energy and going to more forward angles (e.g. θ = 20◦), while keeping Q2 essentially

the same, would reduce the statistical uncertainty to roughly 5% . At this level, one

would be able to resolve the effect of d∆ having roughly the size of our “best value”.

More generally, a forward angle (θ <∼ 20◦) measurement for E ∼ 1 GeV appears to offer

the most promising possibility for determining d∆. Such a measurement would have two

benefits: (a) providing a test in the ∆S = 0 channel of the mechanism proposed to

explain the violation of Hara’s theorem in the ∆S = 1 hyperon radiative decays, and (b)

helping constrain the d∆-related uncertainty in an extraction of the CA
i (Q2) for Q2 >∼ 0.1

(GeV/c)2.

Finally, we comment on the Q2-dependence of the various O(αGF ) effects analyzed

here. The scale of the Q2-dependence of the one-quark corrections is determined essen-

tially by MZ , making the impact of this variation negligible over the range of kinematics

considered. The leading Q2-dependence of the Siegert, anapole, and PV d-wave effects

is determined by the operator structure of Eqs. (5, 6, 77). The subleading Q2 behavior

arises from the loops considered in Section IV as well as higher-order operators in the

effective Lagrangian. At present, the latter are completely undetermined. In principle,

one could extend the resonance saturation models of Section VI in order to generate the

subleading Q2-behavior. The reliability of such a model extrapolation is largely untested

in the baryon sector, however, and we do not include any subleading Q2-behavior in our

analysis. One should bear in mind, however, that for Q2 >∼ 0.5 (GeV/c)2 – a scale where

the chiral expansion becomes unreliable – our lack of knowledge of the subleading Q2

behavior of the O(αGF )) corrections introduces additional uncertainty.
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VIII. CONCLUSIONS

Parity-violation in the weak interaction has become an important tool for probing

novel aspects of hadron and nuclear structure. At present, an extensive program of of PV

electron scattering experiments to determine the strange-quark vector form factors of the

nucleon is underway at MIT-Bates, Jefferson Lab, and Mainz [43]. A measurement of the

neutron radius of 208Pb is planned for the future at Jefferson Lab [44], and measurements

of non-leptonic PV observables are being developed at Los Alamos, NIST, and Jefferson

Lab [45]. In the present study, we have discussed the application of PV electron scattering

to study the N → ∆ transition, which holds significant interest for our understanding of

the low-lying qqq spectrum. We have argued that:

(i) The O(αGF ) contributions to the axial vector N → ∆ response generate a significant

contribution to the PV asymmetry. One must, therefore, take these effects into

consideration when interpreting any measurement of the asymmetry.

(ii) A substantial fraction of the O(αGF ) contributions arise from weak interactions

among quarks. A particularly interesting “many-quark” contribution of this nature

involves the PV γN∆ electric dipole coupling, d∆, whose presence leads to a non-

vanishing asymmetry at the photon point.

(iii) A determination of d∆ via, e.g., a low-Q2 asymmetry measurement, would both

sharpen the interpretation of a planned Jefferson Lab PV ∆ electroexcitation ex-

periment and shed light on the dynamics of mesonic and radiative hyperon weak

decays. Indeed, one may conceivably discover whether the anomalously large vi-

olation of QCD symmetries observed in the latter are simply a peculiarity of the

∆S = 1 channel or a more general feature of low-energy hadronic weak interactions.

At the same time, knowledge of d∆ would allow one to place new constraints on the
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axial transition form factors CA
i (Q2) from PV asymmetry measurements taken over

a modest kinematic range.

(iv) Experimental results for the ∆S = 1 decays suggest that the PV N → ∆ asymmetry

generated by d∆ could be large, approaching a few ×10−6 as Q2 → 0. Measurement

of an asymmetry having this magnitude using forward angle kinematics at existing

medium energy facilities appears to lie within the realm of feasibility.

More generally, the subject of hadronic effects in electroweak radiative corrections has

taken on added interest recently in light of new measurements of the muon anomalous

magnetic moment [46] and backward angle PV elastic ep and quasielastic ed scattering

[12]. The results in both cases differ from Standard Model predictions, with implica-

tions resting on the degree to which one can compute hadronic contributions to radiative

processes. The interpretation of future precision measurements, including determination

of the asymmetry parameter in neutron β-decay and the rate for neutrinoless ββ-decay,

will demand a similar degree of confidence in theoretical calculations of higher-order,

hadronic electroweak effects. Thus, any insight which one might derive from studies in

other contexts would represent a welcome contribution. To this end, a comparison of PV

electroexcitation of the ∆ with the corresponding neutral current ν-induced ∆-excitation

would be particularly interesting, as the latter process is free from the large O(αGF )

hadronic effects entering PV electroexcitation [10,22].
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APPENDIX A: EFFECTIVE PC AND PV LAGRANGIANS

Defining the chiral vector and axial vector currents as

Dµ = Dµ + Vµ

Aµ = −
i

2
(ξDµξ

† − ξ†Dµξ) = −
Dµπ

Fπ
+ O(π3) (A1)

Vµ =
1

2
(ξDµξ

† + ξ†Dµξ) . (A2)

we quote the relativistic PC Lagrangian for π, N , ∆, and γ interactions needed here:

LPC =
F 2
π

4
TrDµΣDµΣ† + N̄(iDµγ

µ − mN )N + gAN̄Aµγ
µγ5N

+
e

Λχ
N̄(cs + cvτ3)σ

µνF+
µνN

−T µ
i [(iDij

α γα − m∆δij)gµν −
1

4
γµγ

λ(iDij
α γα − m∆δij)γλγ

ν

+
g1

2
gµνA

ij
α γαγ5 +

g2

2
(γµA

ij
ν + Aij

µ γν)γ5 +
g3

2
γµA

ij
α γαγ5γν ]T

ν
j

+gπN∆[T̄ µ
i (gµν + z0γµγν)ω

ν
i N + N̄ων†i (gµν + z0γνγµ)T

µ
i ]

−ie
c∆qi

Λχ
T̄ µ

i F+
µνT

ν
i + [

ie

Λχ
T̄ µ

3 (ds + dvτ3)γ
νγ5F

+
µνN + H.c.] (A3)

where Dµ and Dµ are, respectively, chiral and electromagnetic (EM) covariant derivatives,

and Σ, ξ, F±
µν etc. are defined in Section 3 above. The constants cs, cv are determined

in terms of the nucleon isoscalar and isovector magnetic moments, c∆ is the ∆ magnetic

moment, ds, dv are the nucleon and delta transition magnetic moments, and z0 is an off-

shell parameter which is not relevant in the present work [28]. Our convention for γ5 is

that of Bjorken and Drell [47].

The PV analog of Eq. (A3) can be constructed using the chiral fields Xa
L,R defined in

Eq. (63). We find it convenient to follow the convention in Ref. [31] and separate the PV

Lagrangian into its various isospin components. The hadronic weak interaction has the

form

HW =
Gµ√

2
JλJ

λ † + H.c. , (A4)
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where Jλ denotes either a charged or neutral weak quark current. In the Standard

Model, the strangeness conserving charged currents are pure isovector, whereas the neu-

tral currents contain both isovector and isoscalar components. Consequently, HW contains

∆T = 0, 1, 2 pieces and these channels must all be accounted for in any realistic hadronic

effective theory.

We quote the relativistic Lagrangians, but employ the heavy baryon projections, as

described above, in computing loops. It is straightforward to obtain the corresponding

heavy baryon Lagrangians from those listed below, so we do not list the specific PV heavy

baryon forms below. For the πN sector we have

LπN∆T=0 = h0
V N̄Aµγ

µN (A5)

LπN∆T=1 =
h1

V

2
N̄γµNTr(AµX

3
+) −

h1
A

2
N̄γµγ5NTr(AµX

3
−) (A6)

−
hπ

2
√

2
FπN̄X3

−N

LπN∆T=2 = h2
V IabN̄ [Xa

RAµXb
R + Xa

LAµXb
L]γµN (A7)

−
h2

A

2
IabN̄ [Xa

RAµX
b
R − Xa

LAµXb
L]γµγ5N .

The above Lagrangian was first given by Kaplan and Savage (KS) [31]. However, the

coefficients used in our work are slightly different from those of Ref. [31] since our definition

of Aµ differs by an overall phase.

The term proportional to hπ contains no derivatives and, at leading-order in 1/Fπ,

yields the PV NNπ Yukawa coupling traditionally used in meson-exchange models for

the PV NN interaction [26,38,39]. Unlike the PV Yukawa interaction, the vector and

axial vector terms in Eqs. (A5-A7) contain derivative couplings. The terms containing

h1
A, h2

A start off with NNππ interactions, while all the other terms start off as NNπ. Such

derivative couplings are not included in conventional analyses of nuclear and hadronic PV
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experiments. Consequently, the experimental constraints on the low-energy constants hi
V ,

hi
A are unknown.

The corresponding PV Lagrangians involving a N → ∆ transition are somewhat more

complicated. The analogues of Eqs. (A5-A7) are

Lπ∆N
∆I=0 = f1ε

abcN̄ iγ5[X
a
LAµXb

L + Xa
RAµX

b
R]T µ

c

+g1N̄ [Aµ, X
a
−]+T µ

a + g2N̄ [Aµ, X
a
−]−T µ

a + H.c. (A8)

Lπ∆N
∆I=1 = f2ε

ab3N̄iγ5[Aµ, X
a
+]+T µ

b + f3ε
ab3N̄iγ5[Aµ, X

a
+]−T µ

b

+
g3

2
N̄ [(Xa

LAµX
3
L − X3

LAµX
a
L) − (Xa

RAµX3
R − X3

RAµXa
R)]T µ

a

+
g4

2
{N̄ [3X3

LAµ(X1
LT 1

µ + X2
LT 2

µ) + 3(X1
LAµX3

LT 1
µ + X2

LAµX3
LT 2

µ)

−2(X1
LAµX1

L + X2
LAµX2

L − 2X3
LAµX3

L)T 3
µ ] − (L ↔ R)} + H.c. (A9)

Lπ∆N
∆I=2 = f4ε

abdIcdN̄ iγ5[X
a
LAµXb

L + Xa
RAµXb

R]T µ
c

+f5ε
ab3N̄iγ5[X

a
LAµX

3
L + X3

LAµX
a
L + (L ↔ R)]T µ

b

+g5IabN̄ [Aµ, Xa
−]+T µ

b + g6IabN̄ [Aµ, X
a
−]−T µ

b + H.c. , (A10)

where the terms containing fi and gi start off with single and two pion vertices, respec-

tively.

For the PV π∆∆ effective Lagrangians we have

Lπ∆∆I=0 = j0T̄
iAµγ

µTi , (A11)

Lπ∆∆I=1 =
j1

2
T̄ iγµTiTr(AµX

3
+) −

k1

2
T̄ iγµγ5TiTr(AµX

3
−)

−
h1
π∆

2
√

2
fπT̄

iX3
−Ti −

h2
π∆

2
√

2
fπ{3T 3(X1

−T 1 + X2
−T 2) + 3(T̄ 1X1

− + T̄ 2X2
−)T 3

−2(T̄ 1X3
−T 1 + T̄ 2X3

−T 2 − 2T̄ 3X3
−T 3)} + j2{3[(T̄ 3γµT 1 + T̄ 1γµT 3)Tr(AµX

1
+)

+(T̄ 3γµT 2 + T̄ 2γµT 3)Tr(AµX
2
+)] − 2(T̄ 1γµT 1 + T̄ 2γµT 2 − 2T̄ 3γµT 3)Tr(AµX

3
+)}
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+k2{3[(T̄ 3γµγ5T
1 + T̄ 1γµγ5T

3)Tr(AµX
1
−) + (T̄ 3γµγ5T

2 + T̄ 2γµγ5T
3)Tr(AµX

2
−)]

−2(T̄ 1γµγ5T
1 + T̄ 2γµγ5T

2 − 2T̄ 3γµγ5T
3)Tr(AµX

3
−)}

+j3{T̄ aγµ[Aµ, Xa
+]+T 3 + T̄ 3γµ[Aµ, X

a
+]+T a}

+j4{T̄ aγµ[Aµ, X
a
+]−T 3 − T̄ 3γµ[Aµ, X

a
+]−T a}

+k3{T̄ aγµγ5[Aµ, X
a
−]+T 3 + T̄ 3γµγ5[Aµ, X

a
+]+T a}

+k4{T̄ aγµγ5[Aµ, X
a
−]−T 3 − T̄ 3γµγ5[Aµ, X

a
+]−T a} , (A12)

Lπ∆∆I=2 = j5IabT̄ aγµAµT b + j6IabT̄ i[Xa
RAµX

b
R + Xa

LAµXb
L]γµTi

+k5IabT̄ i[Xa
RAµXb

R − Xa
LAµX

b
L]γµγ5Ti

+k6ε
ab3[T̄ 3iγ5X

b
+T a + T̄ aiγ5X

b
+T 3] , (A13)

where we have suppressed the Lorentz indices of the ∆ field, i.e., T̄ ν · · ·Tν . The vertices

with ki start off with two pions. All other vertices have a single pion at leading order in

1/Fπ. The hi
π∆ are the PV π∆∆ Yukawa coupling constants, in terms of which

h∆ = h1
π∆ + h2

π∆ . (A14)

In addition to purely hadronic PV interactions, one may also write down PV EM

interactions involving baryons and mesons∗∗. The Siegert and anapole interactions rep-

resents two examples, arising at O(1/Λχ) and O(1/Λ2
χ), respectively, and involving no

pions. There also exist terms at O(1/Λχ) which include at least one π [27]:

LγN PV =
c1

Λχ
N̄σµν [F+

µν , X
3
−]+N +

c2

Λχ
N̄σµνF−

µνN +
c3

Λχ
N̄σµν [F−

µν , X
3
+]+N . (A15)

∗∗Note that the hadronic derivative interactions of Eqs. (A5-A7) also contain γ fields as required

by gauge-invariance
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APPENDIX B: LOOP INTEGRALS

The functions F N,∆
i etc are defined below. They are all convergent.

G0 =
∫ 1

0
dx ln

µ2

m2
π + x(1 − x)Q2

(B1)

F∆,N
0 =

∫ 1

0
dx(2x − 1)x

∫ ∞

0

dy

C±(x, y)
mπ (B2)

F∆,N
1 =

∫ 1

0
dx(2x − 1)x

∫ ∞

0

dyy

C2
±(x, y)

m2
π (B3)

F∆,N
2 =

∫ 1

0
dx(1 − 2x)

∫ ∞

0

dy

C±(x, y)
mπ (B4)

F∆,N
3 =

∫ 1

0
dx(1 − x)x

∫ ∞

0

dy

C±(x, y)
mπ (B5)

F∆,N
4 =

∫ 1

0
dxx

∫ ∞

0

dyy2

C2
±(x, y)

mπ (B6)

F∆,N
5 =

∫ 1

0
dx(1 − x)

∫ ∞

0

dy

C±(x, y)
mπ (B7)

where C±(x, y) = y2 ± 2y(1 − x)δ + m2
π + x(1 − x)Q2 − iε, the “+” sign is for the ∆

intermediate state and “-” sign is for the nucleon intermediate state.

The functions F∆
i are well defined. However, for F N

i we need make an analytical

continuation to the contour which runs from −∞ to ∞ and then counter-clockwise upper

infinite half circle. Then we have

∫ ∞

0
dy

yn

Cm
− (x, y)

= (−)n+1
∫ ∞

0
dy

yn

Cm
+ (x, y)

+ δm,1 × (Residues) (B8)

where the residue is imaginary for m = 1. Hence we will generate an imaginary component

for F N
0,2,3,5. This is an expected result since m∆ > (mN +mπ). Note we are only interested

in the asymmetry ALR, which can be written as
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ALR ∼
2ReMPCM∗

PV

|MPC|2
. (B9)

Since MPC is purely real, the imaginary part of F N
i does not contribute to this asymmetry,

and henceforth we keep only the real part of F N
i .

Numerically, at Q2 = 0 with mπ = 0.14 GeV and δ = 0.3 GeV we have

F∆
0 = 0.243Re(F N

0 ) = −0.243

F∆
1 = 0.067Re(F N

1 ) = 0.067

F∆
2 = −0.127Re(F N

2 ) = 0.127

F∆
3 = 0.168Re(F N

3 ) = −0.168

F∆
4 = 0.226Re(F N

4 ) = 0.226

F∆
5 = 0.451Re(F N

5 ) = −0.451

G0 = 4.23
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APPENDIX C: LOOP CORRECTIONS TO PV πN∆ VERTEX

All possible one-loop corrections to the PV πN∆ vertex are shown in Figs. 13 and

14 with nucleon and delta intermediate states respectively. Some of them are nominally

O(p2), e.g., Figs. 13a and 13c. The amplitude of the diagram Fig. 13a is,

iM12a ∼ hπ
gπN∆gA

F 2
π

∫ dDl

(2π)D

S · llα

(v · l)[(v · (k + l)](l2 − m2
π + iε)

∼ 2hπ
gπN∆gA

F 2
π

i

(4π)D/2

∫ x

0
dx

∫ ∞

0
dyy

Γ(ε)

(y2 + m2
π − 2xyv · k − iε)ε

Sα (C1)

which is clearly O(p2) and appears to represent a PV S-wave contribution. However we

note that the index α is contracted with the ∆ field, and from Eq. (72) we see that this

amplitude vanishes. In the case of Fig. 13c, we find

iM12c ∼ hπ
gπN∆gA

F 2
π

∫ dDl

(2π)D

S · klα

(v · l)[(v · (k + l)](l2 − m2
π + iε)

∼ hπ
gπN∆gA

F 2
π

i

(4π)D/2

∫ x

0
dx

∫ ∞

0
dyy

Γ(1 + ε)

(y2 + m2
π − 2xyv · k − iε)1+ε

S · kvα (C2)

which seems to yield a PV P-wave correction. However, with the constraint vαT i
α = 0 we

see that Fig. 13c also does not contribute to the loop correction to the PV πN∆ vertex.

The underlying physics is clear: there exist no PV S- and P-wave PV πN∆ couplings due

to angular momentum conservation. Similarly, the diagrams Fig. 14a and 14c with PV

π∆∆ Yukawa insertion do not contribute. The reasoning is the same. All other possible

insertions of PV vertex in Fig. 13 and 14 lead to O(p3) or higher corrections which can

be readily seen with the help of Table II.
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FIG. 1. Feynman diagrams describing resonant pion electroproduction. The dark circle

indicates a parity violating coupling. Fig. 1d gives transition anapole and Siegert’s term con-

tributions. Fig. 1e leads to the PV d-wave πN∆ contribution.
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FIG. 2. Meson-nucleon intermediate state contributions to the N → ∆ transition anapole

and Siegert couplings a∆ and d∆, respectively. The shaded circle denotes the PV vertex. The

single solid, double solid, dashed, and curly lines correspond to the N , ∆, π, and γ, respectively.
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FIG. 3. Same is Fig. 2 but with ∆-π intermediate states.
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FIG. 4. Same as Fig. 2 but involving insertions of the baryon magnetic moment operator,

denoted by the cross.
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FIG. 5. Same as Fig. 2 but with PV electromagnetic insertions, denoted by the overlapping

cross and shaded circle.
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FIG. 6. Vector meson contribution to a∆. Shaded circle indicates PV hadronic coupling.

The wavy line is the photon field which transforms into the vector mesons denoted by the double

line.
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FIG. 7. Resonance saturation contributions to dCT
∆ , where shaded circle denotes PV transi-

tion matrix element.
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FIG. 8. Contributions to the electroweak radiative correction R∆
A at beam energy 0.424 GeV.

The short-dashed lines show the upper and lower bounds of the reasonable range for anapole

contribution. The solid line is the one-quark contribution. The upper (lower) long-dashed line

is the Siegert term with d∆ = 25gπ (−25gπ). The dotted line is the d-wave contribution.
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FIG. 9. Ratio of asymmetry components ri = Ai
LR/ANC

LRtot, where ANC
LRtot denotes the total

neutral current contribution. The dotted line gives the Siegert contribution; the long-dashed line

is for the PV d-wave; the short dashed lines give our “reasonable range” for the anapole effect;

and the solid line is for axial vector neutral current contribution. All the other parameters are

the same as in Figure 8.
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FIG. 10. Same as Fig. 9 but omitting the anapole and PV d-wave curves and showing Siegert

contribution for several values of the coupling d∆. The dotted, dashed and dashed-dotted lines

are for d∆ = 1gπ, 25gπ and 100gπ respectively. The solid line is for the axial vector neutral

current contribution. All the other parameters are the same as in Figure 9.

71



0 0.1 0.2 0.3 0.4 0.5
|q2| (GeV2)

−8.00e−06

−7.00e−06

−6.00e−06

−5.00e−06

−4.00e−06

−3.00e−06

−2.00e−06

−1.00e−06

0.00e+00
A LR

(|q
2 |)

FIG. 11. Asymmetry components as a function of |q2| and beam energy 0.424 GeV. Ex-

cept for d∆, all the parameters are taken from the central values of the table (VI). The bold

long-dashed (dashed) line is for ALR(∆π(1)) (ALR(∆π(2))). The solid, dashed-dotted, dotted and

dashed lines are for ALR(∆π(3)) at d∆ = 0, 25, 75 and 100 gπ.
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FIG. 12. Total asymmetry at small |q2| for several d∆. The couplings are at central values of

table (VI). The lines for d∆ = 0, 25, 75 and 100 gπ are the solid, dashed, dashed-dotted, dotted

and long-dashed line.
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FIG. 13. Loop corrections to the PV d-wave πN∆ vertex involving nucleon intermediate

states.
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FIG. 14. Same as Fig. 13 but with ∆ intermediate states.
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